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Abstract—In the dynamic theory of martensitic transformations, temperature Ms of the start of transforma-
tion corresponds to conditions that are optimal for generating waves by nonequilibrium d electrons that con-
trol the growth of a martensitic crystal. The recognition of relative damping  of s electrons plays a substan-
tial role in this case. A general analysis that has made it possible to propose, for the first time, an analytical

formula for critical size Dc  of austenite grains is used to interpret the results for chromium–nickel steels,
in which the transformation is initiated by strong magnetic fields. Under conditions of positive bulk magne-
tostriction, a magnetic field with intensity H lowers the chemical potential of electrons. As a result, the Dc(
H) value decreases and austenite with a grain diameter of D, which was stabilized by condition D < Dc(  0)
in the absence of a field, becomes destabilized, since inequality D > Dc( H) is fulfilled. The dynamic theory

predicts a sharp increase in the Dc(  0) value at  → 1. This is evidenced by value Dc  ≥ 1 mm for steel
67Kh2N22, which is three orders of magnitude larger than Dc(  0) ≈ 1 μm for the Fe–31Ni alloy. Other
peculiarities of the effect of magnetic field on the martensitic transformation are also discussed.

Keywords: martensitic transformations, dynamic theory, critical grain size, bulk magnetostriction, destabili-
zation of austenite by magnetic field
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INTRODUCTION

Martensitic transformation (MT) in iron alloys
occurs with pronounced signs of a first-order phase
transition. The growth rate of crystals exceeds the
speed of longitudinal elastic waves, which provides
unambiguous evidence for the existence and decisive
role of the controlling wave process (CWP) that
ensures the cooperative nature of the transformation.
The start of crystal growth upon cooling to tempera-
ture Ms is associated with the appearance of an initial
excited (vibrational) state (IVS) in the elastic field of
dislocation sites of nucleation (DNSes). Moreover,
the CWP inherits information about the strain field in
the IVS region and transfers threshold deformation,
thereby violating the stability of austenite. The process
takes place with a substantial deviation from an equi-
librium temperature T0 of the initial (austenite, γ) and
final (martensite, α) phases, i.e., under substantially
nonequilibrium conditions.

The above points reflect, in a concise form, the
foundations of the new paradigm of the MT embodied
in the dynamic theory of MTs [1–5]. The complete-
ness of the description of the γ–α martensitic transfor-
mation in the dynamic theory is achieved in view of
the fact that the CWP makes it possible to trace the
fundamental relationship between the electronic
structure features of the γ phase and the elastic fields
of DNSes on the one hand and the observed macro-
scopic morphological features (the so-called “metal-
lurgical visiting card” of the MT) on the other hand.
This proves the physical validity and reliability of the
dynamic theory.

The derivation of an analytical formula for critical
size Dc  of an austenite grain as a function of the
relative effective damping of s electrons is among the
most important results of the theory.

In this case, the fact that the IVS region has an
elongated parallelepiped shape is taken into account
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Fig. 1. Results calculating the  values [1–3].
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and the following characteristic ratio of spatial scales is
fulfilled:

(1)
where dm is the transverse size of the IVS region, and
L is the size of the grain volume that is free of disloca-
tions (for a single dislocation in the grain, L coincides
with grain size D). The m index in notation dm reflects
the choice of the largest transverse size of the IVS
region by the system, which is still compatible with the
threshold strain conditions of metastable austenite.

When interpreting temperature Ms as an optimal
temperature for generation of waves that control the
growth of a martensite crystal by nonequilibrium elec-
trons, it is shown that Ms( ) → 0 K and, formally,
Dc → ∞ when  → 1. Indeed, we can talk in reality
about some finite value (Dc)max ≡ D* at Γ'* ≤ 1. Hence,
the formation of the martensite of cooling turns out to
be impossible for polycrystalline austenite with grain
size D if

(2)
i.e., inequality (2) is the condition for the stabilization
of austenite. However, the influence of a strong mag-
netic field with strength H lowers, especially in the
presence of a positive change in the volume due to
magnetostriction, chemical potential μ of electrons,
which leads to decreases in the  and Dc(  H) val-
ues, so that inequality D > Dc(  H) is fulfilled and
austenite becomes destabilized. This issue is covered
in general form in [3] in relation to the Fe–(30–
32%)Ni and Fe‒31Ni–0.28C alloys. It is essential
that the addition of 0.28 wt % C increases the Dc( )
value by an order of magnitude (up to 10 μm) in com-
parison with that for the Fe–31Ni alloy. An explana-
tion for the high growth rate of the  value with the
addition of carbon is given in [1]; therefore, it is clear
that an increase in the carbon content should be
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accompanied by a rapid increase in the Dc( ) value.
In this regard, the processing of the published data [6]
for the CxKh2N22 steels at carbon concentrations of
x = 0.24, 0.36, 0.45, 0.57, 0.67, and 0.77 wt % on the
basis of the dynamic theory is of interest. It is the anal-
ysis of these data supplemented by the results pub-
lished in [7] that is the main goal of this study.

FORMULAS FOR Ms AND Dc( )
We assume that the nonequilibrium state of the

electronic subsystem in the interface region at the
stage of crystal growth is mainly caused by chemical
potential gradient  Hence, the analysis of the val-
ues of the derivatives of modified equilibrium Fermi
distribution f with respect to chemical potential μ is a
basis for choosing the optimal conditions for wave
generation. This distribution takes into account the
blurring not only due to the temperature factor
(directly taken into account in f), but also due to the
scattering of s electrons, which is characterized by
attenuation of Γs. It should be noted that it is the high
attenuation of Γs that provides an acceptable popula-
tion of d states above (and below) the μ level in the
actual energy range due to the d–s–d redistribution
processes. Along with  the  derivatives spec-
ify nonequilibrium corrections to the distribution
function, which determine the degree of population
inversion for pairs of states of 3d electrons that are
active in wave generation [1–3]. The idea is to find the
optimal trajectories on the plane of dimensionless
variables T ' and Γ' by formulas

(3)

along which the value of the nonequilibrium correc-
tion will change relatively slowly with a simultaneous
decrease in the T ' value and an increase in the Γ' value.
Such behavior reflects a situation typical of a decrease
in temperature Ms with an increase in the concentra-
tion of alloy components additional to iron. In Eq. (3),
the  value plays the role of the average energy over
the energy range |  – μ| ≈ 0.2–0.3 eV relevant for wave
generation, kB is the Boltzmann constant, and ħ is the
Planck constant. Figure 1 shows the calculation results
for 

Families of thin lines are constant level lines, at
which the  function takes constant values
(marked on the lines), and dashed lines 1 and 2 are
determined, respectively, by conditions

These lines correspond to the maxima of the
 function with respect to variables T' and Γ' and
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pass through the points, at which straight lines that are
parallel, respectively, to the vertical and horizontal
coordinate axes touch the constant level lines. Solid
line 3 in Fig. 1 is a projection of the ridge on the 
function relief onto the (Γ', T ') plane. The region
between lines 1 and 2 corresponds to the range of val-
ues of the T' and Γ' parameters, for which the inverse
population difference reaches the maximum values
that weakly vary with a change in the T and Γ values.

A rather detailed discussion published in [1]
showed that the mapping of the observed Ms(T)
dependences for Fe-Ni alloys onto the (Γ', T ') plane
tends to line 2 described by the following parabola:

(4)

The range between a pair of points (Γ' = 1, T ' = 0)
and (Γ' = 0.96, T ' = 0.1) that lie on curve (4), which is
the most interesting interval for the aims of our study,
was additionally processed in [3, 5] by approximations
of the following type:

(5)

for P > 2.
Here, we use the following simplest approximation

of the trajectory between the specified pair of points in
the form of a straight line (P = 1, B = 0.4):

(6)
The attenuation Γ has several contributions in the

following form:

(7)

In Eq. (7), the Γ(T) contribution is associated with
scattering by thermally activated inhomogeneities
(vacancies, phonons, magnons, etc.) and decreases
with a decrease in the T value, and the Γi contribution
is associated with impurity scattering. In the case of a
binary alloy, Γi = Γ(C) ~ C(1 – C), where C is the con-
centration of the alloying addition. The Γ(D) contri-
bution is actually due to the influence of an inhomo-
geneity with characteristic transverse spatial size dm on
the attenuation of s electrons. This inhomogeneity is
associated with the release of energy in the IVS region.
Taking into account ratio (1) for spatial scales, the
scattering by such an inhomogeneity at L = D can be
interpreted as a dependence on D. The characteristic
time required for s electrons to cross region dm with
velocity vs is τs ≈ dm/vs; therefore, in accordance with
the uncertainty relation for energy and time, the mag-
nitude of scattering is

(8)

However, it should be noted that there is one more
spatial scale associated with transverse size dtw of
transformation twins. In turn, the dtw value can be two
to three orders of magnitude less than dm and, conse-
quently, by four to five orders of magnitude less than L
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and D. Since grain size D is a convenient parameter for
observation, one can use the following explicit expres-
sion for (d):

(9)

where Φ(L/d) is a phenomenological constant that
reflects the ratio of scales. It is convenient to choose
Φ(L/d) in the following form:

(10)

Hence, according to Eqs. (3), (9), and (10),

(11)

Further, we assume in the estimates that vs =
106 m/s, ħ = 1.054 × 10−34 J s, and kB = 1.38 × 10−23 J/K.

The Γ(T) contribution, which generally contains
several terms with different degrees of temperature
dependences, can be expressed as

(12)

or, according to Eq. (3), as

(13)

where the specific a0(T) values will be found from
additional considerations. We only note that a0(T) ≈ 1
at temperatures T differing from 273 by ΔT of around
±10 K, as an analysis shows [3].

Identifying T' with  and substituting expressions
for the attenuation of electrons into Eq. (6), we find

(14)

(15)

(16)

It should be noted that effective attenuation  also
includes an additional summand to Γi, which takes
into account the scattering by short-wavelength vibra-
tions associated with the formation of twins typical of
lamellar crystals. We assume that μ depends on H
because of the magnetostrictive change of the volume.
Using the relationship between μ and concentration n
of s electrons (μ ~ n2/3), we obtain

(17)

For μ ≈ 10 eV and ΔV/V = 10–3, we find from
Eq. (17) that Δμ ≈ –6.7 × 10–3 eV, which corresponds
to a decrease in the μ value by Δμ/kB ≈ 77.5 K on the
temperature scale and, consequently, to an increase in
parameter  It is quite possible to achieve values
at a level of ΔV/V = 10–3 in strong fields. For example,
λH ≈ 4.3 × 10–5 (MA/m)–1 in linear extrapolation

(18)
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Fig. 2. Change in the volume of the 40Kh2N20 austenite
steel in magnetic fields of up to 1.51 MA/m at a tempera-
ture of 77 K [8].
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as follows from Fig. 2. Hence, we obtain ΔV/V ≈
1.55 × 10–3 for H = 36 MA/m.

For the convenience of comparison with data in the
absence of a field, we express the  parameter in
the following form:

(19)

(20)

Hence, formulas (14)–(16) transform to

(21)

(22)

(23)
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Table 1. Data from [6] and a0 parameter values

Name
of steel brand

Ms, K
ΔH/ΔT, 
MA/mK

a0

24Kh2N22 263 0.256 1
36Kh2N22 177 0.224 0.78220
45Kh2N22 130 0.196 0.63443
57Kh2N22 77 0.182 0.56054
67Kh2N22 4.2 0.161 0.44971
77Kh2N22 – 0.144 0.35999
PROCESSING 
OF THE EXPERIMENTAL DATA

The data from [6] are shown in Fig. 3 and Table 1.
The values of temperatures Ms at H = 0 correspond to
rectangles on the T axis in Fig. 3, and the ΔH/ΔT val-
ues are the slopes of the linear sections of the H(T)
dependences. In addition to the experimental data,
Table 1 shows the a0 values obtained from the correla-
tion between the observed slopes and those found
using Eqs. (21) and (20).

To carry out the initial calibration of the 
and  parameters, which is necessary for data pro-
cessing, we have to compare the data for one of the
steels under consideration with a specific point on
line (6). The experience of data processing [3, 5] for
Fe–Ni alloys shows that temperature Ms of steel
24Kh2N22 as a trial choice can be compared with
point (Γ' = 0.96, T' = 0.1). The proximity of Ms to
273 K allows us to consider a0 = 1, while requirement

 = 0.1 implies  ≈ 362.94 × 10–23 J ≈
0.22684 eV or 2630 K on the temperature scale. Let us
estimate what slope the selected calibration will lead
to. Using Eqs. (21) and (20), we obtain

(24)

We find dH/dMs ≈ 0.271 MA/mK from Eq. (24)
for a0 = 1, μ0 ≈ 10 eV ≈ 1.6 × 10–18 J, λH ≈ 4.3 ×
10‒5 (MA/m)–1, and kB = 1.38 × 10–23 J/K, which
agrees well with the experimental result of
0.256 MA/mK in Table 1. The experimental data can be
used to refine λH, assuming λH ≈ 4.552 × 10–5 (MA/m)–1.
Fixing λH and μ0, we find the a0 parameter for the
remaining alloys by substituting the dH/dMs value in
Eq. (24) with the values given in Table 1. The slow
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Table 2. Results of processing the published data [6]

Carbon 
content, 

wt %
 K  K

0.24 280 123 0.060 0.695 0.9042
0.36 196 140 0.098 0.584 0.9410
0.45 151 154 0.163 0.495 0.9588
0.57 99.4 162 0.225 0.379 0.9743
0.67 28.6 177 0.853 0.139 0.9932
СD 24.7 179 1 0.121 0.9942
0.77 4.0 190 6.530 0.020 0.9991

∞s0 ,M sΔ ,M c0D
D

c

c0

HD
D Γ'

е

Fig. 4. Temperature dependences of the critical magnetic
field of chromium–nickel steels (1) 67Kh2N22 and
(2) 50Kh2N20 [7].
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change in the a0 parameter is likely to be explained by
the significant contribution of the scattering by mag-
netic inhomogeneities to Γ(T) under conditions of a
paraprocess in austenite, which has a complex noncol-
linear magnetic structure.

It should be noted that there are nonlinear sections
in the region of weak fields, along with the linear
dependence H(Ms) in strong fields. Conditionally, these
sections in Fig. 3 are replaced by linear segments 1 ', 2 ',
and 5 '. Segments 1 ' and 2 ' with large slopes reflect the
presence of a superparamagnetic state of austenite.
Indeed, the presence of misaligned ferromagnetic
clusters upon application of a weak field is accompa-
nied by the appearance of magnetization largely due to
the reversal of the magnetic moments and displace-
ment of domain walls upon an insignificant change in
the volume, which corresponds to small values of the
λH parameter in Eq. (24) and, consequently, to a large
dH/dMs value. Another peculiarity (conditionally
reflected by line 5') is caused by an increase in the λH
and will be discussed below.

It should be noted that austenite with grain sizes in
the range of D = 5–7 mm was used in [6] to prepare
samples, from which single crystal cylinders with a
diameter of 3–5-mm and a generatrix length of 12 mm
were made for measurements. Therefore, we take D =
5 mm for definiteness. After this choice, which is
somewhat conditional but sufficient for estimating the
orders of magnitude, one can use Eqs. (20)–(22) to
find Dc0 and Dc. It is clear in advance that the proxim-
ity of Ms to 0 K for an alloy with 0.67 wt % carbon
means the existence of a certain carbon concentration
in the range of CD > 0.67 wt %, at which equality Dc0 =
D is satisfied. It is also obvious that inequality Dc0 > D
is fulfilled for steel 77Kh2N22. The data processing
was performed for parameters β = 1 and η = 2, and for
β = 4 and η = 3. Table 2 shows the rounded results of cal-
culations for (β = 4, η = 3) and fixed values |εd – μ0| =
0.22684 eV, D = 5 mm, Γ'(D) = 5.78608 × 10–3, λH =
4.552 × 10–5 (MA/m)–1, H = 32 MA/m, and ΔH =
0.042096.

Let us comment on the data given in Table 2.

(1) Added concentration CD ≈ 0.69343 wt % C
(at Dc0 = D and Ms0 = 0) was estimated based on the
linear interpolation of the concentration rate of
changing Dc0/D upon the transition from 0.57 to
0.67 wt % C.

(2) The case with 0.77 wt % C formally corresponds
to Ms0 = –22.2 K and Dc0 > D.

(3) According to Eq. (21), the temperature shift Ms
can be calculated by the following expression:

(25)( )∞
 Δ = Δ − Γ
  

s s0 e0'1 .HM M
PHYSICS OF METALS AND METALLOGRAPHY  Vol. 1
RESULTS AND DISCUSSION
(1) The data published in [6] support the conclu-

sion drawn from the dynamic theory that critical grain
size Dc0 increases with an increase in the relative atten-
uation of s electrons (  → 1). Actually, an increase in
the carbon content from 0.24 to 0.77 wt % is accompa-
nied by an increase in the Dc0 value by two orders of
magnitude with reaching the region of Dc0 ≈ 1 cm.

Recall that most studies (see, for example, [9–14])
contain a qualitative statement about the existence of
a critical grain size, while typical quantitative esti-
mates of Dc0 were around 1 μm (10 μm in [11] and
25.4 μm in [14]).

(2) The desire to clarify the H(Ms) dependence in
the region of low temperatures and fields [7] led to
interesting results that are reflected in Fig. 4.

The comparison of Fig. 3 with Fig. 4 shows, first,
that there is no martensite of cooling in the case of
steel 67Kh2N22 [7]. In the light of the performed cal-
culations, this is easily explained by the fact that

Γe
'
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Fig. 5. Temperature dependences of the threshold mag-
netic field for the Fe–31% Ni–0.25C alloy with grain sizes
D [17, 18] of (1) 16, (2) 45, and (3) 180 μm.
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inequality Dc0 > D is satisfied for the samples from [7].
In actual fact, it follows from Table 2 that Dc0 ≈ 0.853
mm and D ≈ 4.26 mm. The diameters of the cylindri-
cal samples in [7] are smaller (1.2 and 3 mm, respec-
tively) than those published in [6] and less than the
estimated Dc0 value. In addition, homogenizing
annealing (for 6 h in [7] and for 12 h in [6]) should lead
to the formation of crystals with a subgrain structure at
scales of L < Dc0, along with the crystals whose bulk is
free of DNSes. In our opinion (see [15]), the existence
of subgrain boundaries is confirmed by the observed
packets of parallel martensite crystals that are not only
synchronously excited at grain boundaries, but also
kinked at such boundaries. Secondly, a minimum at
T ≈ 38 K is reliably identified on the H(Ms) depen-
dence, which clearly indicates changes in the magnetic
structure of austenite that has, according to [7], a
maximum of initial magnetic susceptibility χ0(T) at
T ≈ 28 K. In [7], this feature of χ0(T) is presumably
associated with magnetic ordering in an essential part
of austenite, which was delayed (because of the mixed
nature of the exchange interaction) with respect to the
ferromagnetic transformation at 70 K and led to the
formation of ferromagnetic clusters. Assuming that
the transition from weak magnetic fields (at which
χ0(T) was observed) to critical fields is accompanied
[16] by an increase in temperature θ corresponding to
the maximum of χ, it is natural to relate the minimum
on the H(Ms) curve to the maximum of λH. This can be
easily reflected in formula (24) by specifying λH, as
follows:

(26)

where λ* is the maximum value of λH at θ = 38 K,
which corresponds to Hmin ≈ 2.9 MA/m (Fig. 4). The
beginning of line 1 at T = 0 corresponds to H ≈
5.3 MA/m. For the linear section of line 1, dH/dT ≈
0.195 exceeds value 0.161 we used earlier (see Table 1).

( )λ = λ θ = >2* – – , соnst 0,H b Т b
PHYSICS OF META
Taking into account the qualitative nature of the esti-
mates, we refer this change to a0, assuming a0 ≈ 0.63
and retaining the previously used values of λH =
4.552 × 10–5 (MA/m)–1 for the linear section. To
determine the values of three unknown parameters
(Dc0/D, b, and λ*), we write expression (22) for three
points, taking into account Eq. (26) and adding the
third point of the graph to the right of the minimum,
i.e., T3 ≈ 61.5 K and H3 ≈ 5.3 MA/m, to the two ones
indicated above (T1 = θ = 38 K and H1 = Hmin ≈
2.9 MA/m; and T2 = 0 and H2 ≈ 5.3 MA/m). Solving
the system of three equations, we obtain that Dc0/D ≈
1.28, b ≈ 1.05 × 10–7 K–2(MA/m)–1, and λ* ≈ 12.84 ×
10–5 (MA/m)–1. It is easy to check using Eq. (26) that
the λH value for the linear section of the H(T) depen-
dence is achieved at T4 ≈ 66.1 K, so that λH should be
assumed to be constant at T ≥ T4 and almost three
times less than λ*. Thus, a decrease in the slope
(a twofold decrease with a rough linear description) of
section 5' in Fig. 3 has an understandable origin. The
expression for λH can be easily modified to describe
sections 1' and 2' that reflect its decrease in Fig. 3.

(3) It follows from the results of analyzing the data
given in Table 2 that shift ΔMs increases with a
decrease in temperature Ms. This is caused by a
decrease in the Dc value in the presence of a magnetic
field. A decrease in the Dc value is accompanied by the
well-known effect of destabilization of austenite [17],
which can be stabilized either by grain refinement or plas-
tic deformation, so that condition D < Dc0 (or L < Dc0) is
satisfied. In a strong field, D > DcH and the region with
MsH > 0 K exists.

(4) At a fixed chemical composition of the alloy,
temperatures Ms0i of the spontaneous MT are different
for different grain sizes Di. However, if DcH  Di in a
strong field, then the Dc/D value can be neglected and,
according to Eq. (14), MsH = MsH∞, i.e., all H(MsH)
curves tend to one point, which is observed (Fig. 5).

(5) When turning to parameters β = 1 and η = 2
and keeping D = 5 mm, the DcH/Dc0 values change
insignificantly, while the Dc0/D values, as well as shifts
ΔMs, decrease substantially.

(6) As noted above, attenuation Γ(D) physically
corresponds to Γ(dm); therefore, the dmc/dm ratio
stands behind the Dc/D ratio and

(27)

Since the magnetic field leading to an increase in
the specific volume should lead to a decrease in the
interfacial energy/strain threshold, the region of local-
ization of IVSes in the elastic field of DNSes will move
away from the DNSes, which will lead to an increase
in the dm value. This should be accompanied by an
increase in the thickness of the resulting crystals with
an increase in the magnetic field strength. This effect
was identified in [17] as a transition from thin lamellar
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martensite to lamellar martensite. In this regard, it is
appropriate to note that the dmc/dm parameter in a
strong field decreases not only because of a decrease in
the dmc value, but also owing to an increase in the dm
value.

(7) It is also pertinent to recall that the specific ori-
entational effect of the formation of martensite crys-
tals in a strong magnetic field is predicted by the
dynamic theory [19] and experimentally confirmed
in [20].

CONCLUSIONS
An analysis of the experimental data published in

[6] and [7] shows that the dynamic theory of MTs ade-
quately describes the observed features of MTs in
strong magnetic fields.

The morphological analysis, which is systematized
in [17] and genetically related to elastic fields of
DNSes in the dynamic theory, is a reliable basis for
drawing conclusions.

An increase in the specific volume upon MTs plays
a substantial role in magnetostriction and determines
the specific features of the transformation without
changing its physical nature. Therefore, the concept of
hypothetical microscopic nuclei of martensite, as well
as attempts to interpret MTs in strong magnetic fields
as a first-order magnetic phase transition [21], are
irrelevant.
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