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èêÖÑàëãéÇàÖ

Ç ‡·ÓÚÂ ÒÓ‰ÂÊ‡ÚÒfl ÓÒÌÓ‚Ì˚Â Ò‚Â‰ÂÌËfl ÔÓ ‚ÂÍÚÓÌÓÈ ‡Î„Â·-
Â ‚ ÔÂ‰ÂÎ‡ı ÔÓ„‡ÏÏ˚ ì‡Î¸ÒÍÓ„Ó „ÓÒÛ‰‡ÒÚ‚ÂÌÌÓ„Ó ÎÂÒÓÚÂı-
ÌË˜ÂÒÍÓ„Ó ÛÌË‚ÂÒËÚÂÚ‡, ‚ ÚÓÏ ˜ËÒÎÂ ‚ÂÍÚÓÌÓÂ Ë ÒÏÂ¯‡ÌÌÓÂ
ÔÓËÁ‚Â‰ÂÌËfl ‚ÂÍÚÓÓ‚. èÓ Í‡Ê‰ÓÈ ÚÂÏÂ ÔË‚Ó‰flÚÒfl ÔËÏÂ˚ Ò
Â¯ÂÌËÂÏ Ë Á‡‰‡˜Ë ‰Îfl Ò‡ÏÓÒÚÓflÚÂÎ¸ÌÓÈ ‡·ÓÚ˚ ÒÚÛ‰ÂÌÚÓ‚. í‡Í-
ÊÂ ÔÓÒÓ·ËÂ ÒÓ‰ÂÊËÚ 25 ‚‡Ë‡ÌÚÓ‚ ËÌ‰Ë‚Ë‰Û‡Î¸Ì˚ı ‰ÓÏ‡¯ÌËı
Á‡‰‡ÌËÈ ‰Îfl ÒÚÛ‰ÂÌÚÓ‚. Ç Í‡Ê‰ÓÏ ‚‡Ë‡ÌÚÂ ÔÓ 5 Á‡‰‡˜, Óı‚‡Ú˚‚‡-
˛˘Ëı ‚ÒÂ ÚÂÏ˚ ‰‡ÌÌÓ„Ó ÍÛÒ‡. ÑÎfl ‚ÒÂı ‚‡Ë‡ÌÚÓ‚ ËÌ‰Ë‚Ë‰Û‡Î¸-
Ì˚ı ‰ÓÏ‡¯ÌËı Á‡‰‡ÌËÈ ÔË‚Â‰ÂÌ˚ ÓÚ‚ÂÚ˚. èÓÒÓ·ËÂ ÔÂ‰Ì‡ÁÌ‡-
˜ÂÌÓ ‰Îfl ÒÚÛ‰ÂÌÚÓ‚ ‰ÌÂ‚ÌÓÈ ÙÓÏ˚ Ó·Û˜ÂÌËfl ì‡Î¸ÒÍÓ„Ó „ÓÒÛ-
‰‡ÒÚ‚ÂÌÌÓ„Ó ÎÂÒÓÚÂıÌË˜ÂÒÍÓ„Ó ÛÌË‚ÂÒËÚÂÚ‡.
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1. íÖéêàü
ÇÖäíéê. ãàçÖâçõÖ éèÖêÄñàà çÄÑ ÇÖäíéêÄåà.

êÄáãéÜÖçàÖ ÇÖäíéêéÇ

ÇÂÍÚÓÌ˚Â ‚ÂÎË˜ËÌ˚ ı‡‡ÍÚÂËÁÛ˛ÚÒfl ˜ËÒÎÓÏ Ë Ì‡Ô‡‚ÎÂ-

ÌËÂÏ. ç‡ÔËÏÂ, ÒËÎ‡, ÒÍÓÓÒÚ¸, ÛÒÍÓÂÌËÂ, Ì‡ÔflÊfiÌÌÓÒÚ¸ ˝ÎÂ-

ÍÚË˜ÂÒÍÓ„Ó ÔÓÎfl.

ÉÂÓÏÂÚË˜ÂÒÍË ‚ÂÍÚÓÌ˚Â ‚ÂÎË˜ËÌ˚ ËÁÓ·‡Ê‡˛ÚÒfl Ì‡Ô‡‚-

ÎÂÌÌ˚ÏË ÔflÏÓÎËÌÂÈÌ˚ÏË ÓÚÂÁÍ‡ÏË — ‚ÂÍÚÓ‡ÏË. é·ÓÁÌ‡˜‡-

˛ÚÒfl ‚ÂÍÚÓ˚ AB
→

, ‡
→

, b
→

, c
→

Ë Ú. ‰.

ÑÎËÌÓÈ (ÏÓ‰ÛÎÂÏ) ‚ÂÍÚÓ‡ AB
→

Ì‡Á˚‚‡ÂÚÒfl ‰ÎËÌ‡ ÓÚÂÁÍ‡ ÄÇ,

ÓÌ‡ Ó·ÓÁÌ‡˜‡ÂÚÒfl |AB
→

|.

ÖÒÎË ÏÓ‰ÛÎ¸ ‚ÂÍÚÓ‡ ‡‚ÂÌ ÌÛÎ˛, ÚÓ ˝ÚÓ ÌÛÎ¸-‚ÂÍÚÓ. ç‡-

ÔËÏÂ, |ÄÄ
→

| = 0.

ÖÒÎË ÏÓ‰ÛÎ¸ ‚ÂÍÚÓ‡ ‡‚ÂÌ Â‰ËÌËˆÂ, ÚÓ ‚ÂÍÚÓ Â‰ËÌË˜Ì˚È, 

|‡
→

| = 1.

ÇÂÍÚÓ˚ ‡
→

Ë b
→

Ì‡Á˚‚‡˛ÚÒfl ÍÓÎÎËÌÂ‡Ì˚ÏË, ÂÒÎË ÓÌË ÎÂÊ‡Ú

Ì‡ Ó‰ÌÓÈ ÔflÏÓÈ ËÎË Ì‡ Ô‡‡ÎÎÂÎ¸Ì˚ı ÔflÏ˚ı. é·ÓÁÌ‡˜‡˛ÚÒfl

ÓÌË ‡
→

|| b
→

.

ÖÒÎË ‚ÂÍÚÓ ‡
→

0 ↑↑ ‡
→

Ë |‡
→

0| = 1, ÚÓ ‚ÂÍÚÓ ‡
→

0 Ì‡Á˚‚‡ÂÚÒfl ÓÚÓÏ

‚ÂÍÚÓ‡ ‡
→

.

çÛÎ¸-‚ÂÍÚÓ ÍÓÎÎËÌÂ‡ÂÌ Î˛·ÓÏÛ ‚ÂÍÚÓÛ.

íË (Ë ·ÓÎÂÂ) ‚ÂÍÚÓ‡ Ì‡Á˚‚‡˛ÚÒfl ÍÓÏÔÎ‡Ì‡Ì˚ÏË, ÂÒÎË ÓÌË

ÎÂÊ‡Ú ‚ Ó‰ÌÓÈ ÔÎÓÒÍÓÒÚË ËÎË ‚ Ô‡‡ÎÎÂÎ¸Ì˚ı ÔÎÓÒÍÓÒÚflı.

íË ÌÂÍÓÏÔÎ‡Ì‡Ì˚ı ‚ÂÍÚÓ‡ ‡
→

, b
→

, c
→

‚ÁflÚ˚Â ‚ ÛÍ‡Á‡ÌÌÓÏ ÔÓ-

fl‰ÍÂ, Ó·‡ÁÛ˛Ú Ô‡‚Û˛ ÚÓÈÍÛ, ÂÒÎË ËÁ ÍÓÌˆ‡ ‚ÂÍÚÓ‡ c
→

Í‡Ú-

˜‡È¯ËÈ ÔÓ‚ÓÓÚ ÓÚ ÔÂ‚Ó„Ó ‚ÂÍÚÓ‡ ‡
→

ÍÓ ‚ÚÓÓÏÛ ‚ÂÍÚÓÛ b
→

‚Ë-

‰ÂÌ ÒÓ‚Â¯‡˛˘ËÏÒfl ÔÓÚË‚ ıÓ‰‡ ˜‡ÒÓ‚ÓÈ ÒÚÂÎÍË.

ÖÒÎË ÏÓ‰ÛÎË ‚ÂÍÚÓÓ‚ ‡‚Ì˚ Ë ÓÌË ÒÓÌ‡Ô‡‚ÎÂÌ˚, 

ÚÓ ˝ÚË ‚ÂÍÚÓ˚ Ì‡Á˚‚‡˛ÚÒfl ‡‚Ì˚ÏË, Ú. Â. ‡
→

= b
→ ⇔ |‡

→
| = |b

→
| 

Ë ‡
→ ↑↑ b

→
.

ÖÒÎË ÏÓ‰ÛÎË ‚ÂÍÚÓÓ‚ ‡‚Ì˚ Ë ÓÌË ÔÓÚË‚ÓÔÓÎÓÊÌÓ Ì‡Ô‡‚-

ÎÂÌ˚, ÚÓ ˝ÚË ‚ÂÍÚÓ˚ ÔÓÚË‚ÓÔÓÎÓÊÌ˚: AB
→

= –BA
→

.

ÖÒÎË ‚ÂÍÚÓ˚ ËÏÂ˛Ú Ó·˘ÂÂ Ì‡˜‡ÎÓ, ÚÓ Û„ÓÎ ÏÂÊ‰Û Ëı Ì‡-

Ô‡‚ÎÂÌËflÏË — Û„ÓÎ ÏÂÊ‰Û ‚ÂÍÚÓ‡ÏË.
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èÓÂÍˆËÂÈ ‚ÂÍÚÓ‡ ‡
→

= AB
→

Ì‡ ‚ÂÍÚÓ b
→

Ì‡Á˚‚‡ÂÚÒfl ‰ÎËÌ‡

‚ÂÍÚÓ‡ A′B′
→

, Á‡ÍÎ˛˜fiÌÌÓ„Ó ÏÂÊ‰Û ÔÓÂÍˆËflÏË Ì‡˜‡Î‡ Ë ÍÓÌˆ‡

‚ÂÍÚÓ‡ AB
→

Ì‡ ‚ÂÍÚÓ b
→

(ËÒ. 1), ÔË˜fiÏ ˝Ú‡ ‰ÎËÌ‡ ·ÂfiÚÒfl Ò ÔÓ-

ÎÓÊËÚÂÎ¸Ì˚Ï ÁÌ‡ÍÓÏ, ÍÓ„‰‡ b
→ ↑↑ A′B′

→
Ë Ò ÓÚËˆ‡ÚÂÎ¸Ì˚Ï ÁÌ‡-

ÍÓÏ, ÍÓ„‰‡ b
→ ↑↓ A′B′

→
(ËÒ. 2). é·ÓÁÌ‡˜‡ÂÚÒfl ÓÌ‡ Ôb

→ ‡
→

ËÎË Ôb
→ AB

→
.

5

A

B

A′                            B′

ϕ A

B

A′                            B′

ϕ

êËÒ. 1 êËÒ. 2

ÑÎËÌ‡ ‚ÂÍÚÓ‡ A′B′
→

, Á‡ÍÎ˛˜ÂÌÌÓ„Ó ÏÂÊ‰Û ÔÓÂÍˆËflÏË Ì‡˜‡Î‡

Ë ÍÓÌˆ‡ ‚ÂÍÚÓ‡ AB
→

Ì‡ ‚ÂÍÚÓ b
→

: Ôb
→ ‡

→
= |‡

→
| cos ϕ, „‰Â ϕ — Û„ÓÎ

ÏÂÊ‰Û ‚ÂÍÚÓ‡ÏË ‡
→

Ë b
→

.

ãËÌÂÈÌ˚Â ÓÔÂ‡ˆËË Ì‡‰ ‚ÂÍÚÓ‡ÏË

ëÛÏÏÓÈ ‰‚Ûı ‚ÂÍÚÓÓ‚ ‡
→

Ë b
→

Ì‡Á˚‚‡ÂÚÒfl ‚ÂÍÚÓ c
→

= ‡
→ 

+ b
→

(ËÒ. 3).

‡) è‡‚ËÎÓ ÚÂÛ„ÓÎ¸ÌËÍ‡                    ·)  è‡‚ËÎÓ Ô‡‡ÎÎÂÓ„‡ÏÏ‡

êËÒ. 3. ÇÂÍÚÓ˚ ‡
→

Ë b
→

ê‡ÁÌÓÒÚ¸˛ ‚ÂÍÚÓÓ‚ ‡
→

Ë b
→

Ì‡Á˚‚‡ÂÚÒfl ‚ÂÍÚÓ c
→

= ‡
→ 

– b
→

, Ú‡ÍÓÈ,

˜ÚÓ ‡
→ 

= b
→

+ c
→

.

ÖÒÎË ‡
→ ↑↑ b

→
, A Β‡

→

C
b
→

, ÚÓ AB
→

= ‡
→ 

, BC
→

= b
→

, AC
→

=  ‡
→ 

+ b
→

.
ÖÒÎË ‡

→ ↑↓ b
→

, A
ë‡

→ Çb
→



ê‡ÁÌÓÒÚ¸ ‚ÂÍÚÓÓ‚ ‡
→

Ë b
→

ÏÓÊÌÓ ‡ÒÒÏ‡ÚË‚‡Ú¸ Í‡Í ÒÛÏÏÛ

‚ÂÍÚÓÓ‚ ‡
→

Ë (–b
→

), Ú. Â. ‡
→ 

– b
→

= ‡
→

+ (–b
→

). ÖÒÎË ‚ Ô‡‡ÎÎÂÎÓ„‡ÏÏÂ

ABCD (ËÒ. 4) AB
→

= ‡
→

, AD
→

= b
→

, ÚÓ AC
→

= ‡
→ 

+ b
→

, DB
→

= ‡
→ 

– b
→

.
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A

B

C

D
êËÒ. 4. è‡‡ÎÎÂÎÓ„‡ÏÏ ABCD

ÖÒÎË ‚ÂÍÚÓ˚ ‡
→

, b
→

, c
→

, d
→

Ó·‡ÁÛ˛Ú ÎÓÏ‡ÌÛ˛ ÎËÌË˛ ABCDF
(ËÒ. 5), AB

→
= ‡

→
, BC

→
= b

→
, CD

→
= c

→
, DF

→
= d

→
, ÚÓ AF

→
= ‡

→
+ b

→
+ c

→
+ d

→
.

A B

C

D
F

êËÒ. 5. ãÓÏ‡Ì‡fl ÎËÌËfl ABCDF

èÓËÁ‚Â‰ÂÌËÂ ‚ÂÍÚÓ‡ Ì‡ ˜ËÒÎÓ

èÓËÁ‚Â‰ÂÌËÂÏ ‚ÂÍÚÓ‡ ‡
→ ≠ 0

→
Ì‡ ˜ËÒÎÓ λ ≠ 0 Ì‡Á˚‚‡ÂÚÒfl ‚ÂÍ-

ÚÓ λa
→

, ÍÓÚÓ˚È ËÏÂÂÚ ‰ÎËÌÛ, ‡‚ÌÛ˛ |λ| ⋅ |‡
→

|; ÂÒÎË λ > 0, ÚÓ λa
→

ÒÓÌ‡Ô‡‚ÎÂÌ ‡
→

, ÂÒÎË λ < 0, ÚÓ λa
→

ÔÓÚË‚ÓÔÓÎÓÊÌÓ Ì‡Ô‡‚ÎÂÌ ‡
→

.

éÚÏÂÚËÏ, ˜ÚÓ ‡
→

= |‡
→

| ⋅ ‡
→

0 Ë, ÂÒÎË ‡
→

|| b
→

, ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡ÍÓÂ λ,

˜ÚÓ b
→

= λ ⋅ ‡
→

.

ãËÌÂÈÌ‡fl Á‡‚ËÒËÏÓÒÚ¸ ‚ÂÍÚÓÓ‚

ÇÂÍÚÓ˚ ‡
→

1, ‡
→

2, ‡
→

3, …, ‡
→

n Ì‡Á˚‚‡˛ÚÒfl ÎËÌÂÈÌÓ Á‡‚ËÒËÏ˚ÏË,

ÂÒÎË ÒÛ˘ÂÒÚ‚Û˛Ú ˜ËÒÎ‡ λ1, λ2, λ3, …, λn, ÌÂ ‚ÒÂ ‡‚Ì˚Â ÌÛÎ˛,



‰Îfl ÍÓÚÓ˚ı ‚˚ÔÓÎÌflÂÚÒfl ‡‚ÂÌÒÚ‚Ó λ1‡
→

1 + λ2‡
→

2 + λ3‡
→

3 + … +

+ λn‡
→

n = 0.

ÇÂÍÚÓ˚ ‡
→

1, ‡
→

2, ‡
→

3, …, ‡
→

n Ì‡Á˚‚‡˛ÚÒfl ÎËÌÂÈÌÓ ÌÂÁ‡‚ËÒËÏ˚-

ÏË, ÂÒÎË ‡‚ÂÌÒÚ‚Ó λ1‡
→

1 + λ2‡
→

2 + λ3‡
→

3 + … + λn‡
→

n = 0 ‚˚ÔÓÎÌflÂÚÒfl

ÚÓÎ¸ÍÓ ÔË ÛÒÎÓ‚ËË, ˜ÚÓ λ1 =λ2 = λ3 = … = λn = 0.

ë‚ÓÈÒÚ‚‡ ‚ÂÍÚÓÓ‚

1. ÇÒflÍËÂ ÚË ‚ÂÍÚÓ‡ Ì‡ ÔÎÓÒÍÓÒÚË ÎËÌÂÈÌÓ Á‡‚ËÒËÏ˚. Å‡ÁË-

ÒÓÏ Ì‡ ÔÎÓÒÍÓÒÚË Ì‡Á˚‚‡˛ÚÒfl ‰‚‡ Î˛·˚ı ÎËÌÂÈÌÓ ÌÂÁ‡‚ËÒËÏ˚ı

‚ÂÍÚÓ‡.

2. ÇÒflÍËÂ ˜ÂÚ˚Â ‚ÂÍÚÓ‡ ‚ ÔÓÒÚ‡ÌÒÚ‚Â ÎËÌÂÈÌÓ Á‡‚ËÒËÏ˚.

Å‡ÁËÒÓÏ ‚ ÔÓÒÚ‡ÌÒÚ‚Â Ì‡Á˚‚‡˛ÚÒfl ÚË Î˛·˚ı ÎËÌÂÈÌÓ ÌÂÁ‡-

‚ËÒËÏ˚ı ‚ÂÍÚÓ‡.

3. ã˛·ÓÈ ‚ÂÍÚÓ ÏÓÊÂÚ ·˚Ú¸ ‡ÁÎÓÊÂÌ ÔÓ ·‡ÁËÒÛ.

èËÏÂ
Ç ÚÂÛ„ÓÎ¸ÌËÍÂ ÄÇë AB

→
= ‡

→
, AC

→
= b

→
, å — ÒÂÂ‰ËÌ‡ ÓÚÂÁÍ‡

Çë. Ç˚‡ÁËÚ¸ ˜ÂÂÁ ‡
→

, Ë b
→

‚ÂÍÚÓ˚ BC
→

, AM
→

.

êÂ¯ÂÌËÂ
èÓÒÚÓËÏ ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë (ËÒ. 6).
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A

B

C

D
M

êËÒ. 6. è‡‡ÎÎÂÎÓ„‡ÏÏ ABCD

Äå — ÏÂ‰Ë‡Ì‡. AM
→

= �
1

2
� AD

→
= �

1

2
� (‡

→
+ b

→
), BC

→
= b

→
– ‡

→
.



á‡‰‡˜Ë ‰Îfl Ò‡ÏÓÒÚÓflÚÂÎ¸ÌÓ„Ó Â¯ÂÌËfl

1.1. Ç Ô‡‡ÎÎÂÎÓ„‡ÏÏÂ ÄÇëD, AB
→

= ‡
→

, AD
→

= b
→

, å — ÚÓ˜Í‡

ÔÂÂÒÂ˜ÂÌËfl ‰Ë‡„ÓÌ‡ÎÂÈ. Ç˚‡ÁËÚ¸ ˜ÂÂÁ ‡
→

Ë b
→

‚ÂÍÚÓ˚ MA
→

, MB
→

,

MC
→

, MD
→

.

1.2. Ç ÚÂÛ„ÓÎ¸ÌËÍÂ ÄÇë å — ÚÓ˜Í‡ ÔÂÂÒÂ˜ÂÌËfl ÏÂ‰Ë‡Ì.

ÑÓÍ‡Á‡Ú¸, ˜ÚÓ MA
→

+ MB
→

+ MC
→

= 0
→

.

1.3. Ç Ô‡‚ËÎ¸ÌÓÈ ÚÂÛ„ÓÎ¸ÌÓÈ ÔË‡ÏË‰Â SÄÇë AB
→

= ‡
→

, AC
→

=

b
→

, AS
→

= c
→

. Ç˚‡ÁËÚ¸ ˜ÂÂÁ ‡
→

, b
→

, c
→

‚ÂÍÚÓ˚ BC
→

, SB
→

, SC
→

, SO
→

.

èêüåéìÉéãúçõâ ÑÖäÄêíéÇ ÅÄáàë.

êÄáãéÜÖçàÖ ÇÖäíéêÄ çÄ ëéëíÄÇãüûôàÖ

èé éëüå äééêÑàçÄí

ÇÂÍÚÓ˚ i
→

, j
→

, k
→

‚Á‡ËÏÌÓ ÔÂÔÂÌ‰ËÍÛÎflÌ˚ |i
→

|, |j
→

|, |k
→

| = 1, Ó·-

‡ÁÛ˛Ú Ô‡‚Û˛ ÚÓÈÍÛ Ë ËÏÂ˛Ú Ó·˘ÂÂ Ì‡˜‡ÎÓ — é (0;0;0). ùÚË

‚ÂÍÚÓ˚ Ó·‡ÁÛ˛Ú ·‡ÁËÒ. ç‡ ˝ÚÓÏ ·‡ÁËÒÂ ÔÓÒÚÓËÏ ÔflÏÓÛ„ÓÎ¸-

ÌÛ˛ ‰ÂÍ‡ÚÓ‚Û ÒËÒÚÂÏÛ ÍÓÓ‰ËÌ‡Ú Oxyz. éÒ¸ éı↑↑i
→

— ÓÒ¸ ‡·-

ÒˆËÒÒ, ÓÒ¸ éy↑↑j
→

— ÓÒ¸ Ó‰ËÌ‡Ú, ÓÒ¸ éz↑↑k
→

— ÓÒ¸ ‡ÔÔÎËÍ‡Ú.

é — Ì‡˜‡ÎÓ ÍÓÓ‰ËÌ‡Ú.

ÇÂÍÚÓ ‡
→

= (x; y; z). ‡
→

= xi
→

+ yj
→

+ zk
→

, x, y, z — ÍÓÓ‰ËÌ‡Ú˚

‚ÂÍÚÓ‡ — ÔÓÂÍˆËË ‚ÂÍÚÓ‡ ‡
→

Ì‡ ÓÒË ÍÓÓ‰ËÌ‡Ú (ËÒ. 7).

8
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y
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x
êËÒ. 7. ëËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú Oxyz



éÒÌÓ‚Ì˚Â Ô‡‚ËÎ‡ Ë ÙÓÏÛÎ˚

1. ÖÒÎË ‡
→

= AB
→

, Ä (x1;y1;z1), B (x2;y2;z2), ÚÓ ‡
→

= (x2 – x1; y2 – y1;

z2 – z1).

2. ÖÒÎË ‡
→

= (x; y; z) ÚÓ |‡
→

| = .

3. ç‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= (x; y; z) cos α, cos β,

cos γ, „‰Â α = ‡
→ ^ i

→
, β = ‡

→ ^ j
→

, γ = ‡
→ ^ k

→
, Ì‡ıÓ‰flÚÒfl ÔÓ ÙÓÏÛÎ‡Ï:

cos2 α + cos2 β + cos2 γ = 1, ‡
→

0 = (cos α; cos β; cos γ).

4. ÖÒÎË ‚ÂÍÚÓ ÛÏÌÓÊ‡ÂÚÒfl Ì‡ ˜ËÒÎÓ λ, ÚÓ ‚ÒÂ Â„Ó ÍÓÓ‰ËÌ‡-

Ú˚ ÛÏÌÓÊ‡˛ÚÒfl Ì‡ ˝ÚÓ ˜ËÒÎÓ: λ‡
→

= (λx; λy; λz).

5. ÖÒÎË ‚ÂÍÚÓ˚ ‡
→

= (x1;y1;z1), b
→

= (x2;y2;z2) ÍÓÎÎËÌÂ‡Ì˚, Ú. Â. 

‡
→

|| b
→

, ÚÓ  .

6. äÓÓ‰ËÌ‡Ú˚ ÒÛÏÏ˚ ‚ÂÍÚÓÓ‚ ‡‚Ì˚ ÒÛÏÏÂ ÒÓÓÚ‚ÂÚÒÚ‚Û˛-

˘Ëı ÍÓÓ‰ËÌ‡Ú ÒÎ‡„‡ÂÏ˚ı ‚ÂÍÚÓÓ‚:

‡
→

= (x1;y1;z1), b
→

= (x2;y2;z2), ‡
→

+ b
→

= (x1 + x2; y1 + y2; z1 + z2).

7. ÖÒÎË ÚÓ˜Í‡ ë ‰ÂÎËÚ ÓÚÂÁÓÍ ÄÇ ‚ ÓÚÌÓ¯ÂÌËË λ, Ú. Â. �
A

C

C

B
� = λ

Ë Ä (x1;y1;z1), B (x2;y2;z2), ÚÓ C (ËÒ. 8).
x x y y z z1 2 1 2 1 2

1 1 1

+
+

+
+

+
+

⎛
⎝⎜

⎞
⎠⎟

λ
λ

λ
λ

λ
λ

; ;

 

x

x

y

y

z

z
1

2

1

2

1

2

= =

 

cos , cos , cos ;α
α

β
α

γ
α

= = =x y z
r r r

 x y z2 2 2+ +
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á‡‰‡˜Ë ‰Îfl Ò‡ÏÓÒÚÓflÚÂÎ¸ÌÓ„Ó Â¯ÂÌËfl

2.1. Ñ‡Ì˚ ‰‚Â ÚÓ˜ÍË Ä (2;–1;3) Ë B (3;–3;5). ç‡ÈÚË Ì‡Ô‡‚Îfl˛-

˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ AB
→

.

êÂ¯ÂÌËÂ

ç‡È‰fiÏ ÍÓÓ‰ËÌ‡Ú˚ ‚ÂÍÚÓ‡ AB
→

ÔÓ ÙÓÏÛÎÂ (1). èÓÎÛ˜ËÏ:

AB
→

= (3 – 2; –3 –(–1); 5 –3) = (1;–2;2). èÓ ÙÓÏÛÎÂ (2) Ì‡È‰fiÏ

|AB
→

| = . èÓ ÙÓÏÛÎÂ (3) Ì‡È‰fiÏ:

cos α = �
1

3
�, cos β = – �

2

3
�, cos γ = �

2

3
�.

2.2. ç‡ÈÚË ÍÓÓ‰ËÌ‡Ú˚ ı, Û ‚ÂÍÚÓ‡ ‡
→

, ÂÒÎË ‚ÂÍÚÓ ÒÛÏÏ˚

‚ÂÍÚÓÓ‚ ‡
→

= (x;y;–5) ÍÓÎÎËÌÂ‡ÂÌ ‚ÂÍÚÓÛ c
→

= (8;–8;–4), ‚˚˜ËÒ-

ÎËÚ¸ |‡
→

+ b
→

|.

êÂ¯ÂÌËÂ

ç‡È‰fiÏ ‚ÂÍÚÓ ÒÛÏÏ˚ ‚ÂÍÚÓÓ‚ ‡
→

Ë b
→

: ‡
→

+ b
→

= (x + 2; y – 4;2). 

áÌ‡fl, ˜ÚÓ (‡
→

+ b
→

|| c
→

), ÔÓ ÙÓÏÛÎÂ (5) ËÏÂÂÏ: 

= 0,5. éÚÍÛ‰‡ x + 2 = (–0,5) ⋅ 8; y – 4 = (–0.5) ⋅ (–8), x + 2 = –4,

x = –2, y – 4 = 4, y = 8. ‡
→

+ b
→

= (–4;8;2), |‡
→

+ b
→

| = 

.

2.3. Ñ‡Ì˚ ‚ÂÍÚÓ˚ ‡
→

= 4i
→

+ 4j
→

– 2k
→

, b
→

= i
→

– 4j
→

, c
→

= j
→

+ k
→

. ç‡È-

ÚË ÍÓÓ‰ËÌ‡Ú˚ ÓÚ‡ ‡ 0, ÍÓÓ‰ËÌ‡Ú˚ ‚ÂÍÚÓ‡ ‡
→

– 2b
→

+ c
→

, ÔÓÂÍ-

ˆË˛ ‚ÂÍÚÓ‡ ‡
→

+ b
→

Ì‡ ‚ÂÍÚÓ j
→

.

êÂ¯ÂÌËÂ

éÚ ‡
→

0 = (cos α; cos β; cos γ), |‡
→

| = = 6, cos α = �
4

6
� = 

= �
2

3
�, cos β = �

4

6
� = �

2

3
�, cos γ = �

–

6

2
� = –�

1

3
�.  áÌ‡˜ËÚ, ‡

→
0 = .

 

2

3

2

3

1

3
; ;–⎛

⎝
⎞
⎠

 16 16 4+ +

,84 9 1= ≈
 

–4 8 2
2 2 2( ) + + =

 

x y+ =
−

= =2

8

4

8

2

4

–
–

 1 2 2 9 32 2 2+ ( ) + = =–

10



‡
→

– 2b
→

+ c
→

= (4 – 2; 4 + 8 + 1; –2 + 1) = (2;13;–1). ‡
→

+ b
→

= (5;0;–1),

ÚÓ„‰‡ ÔÓÂÍˆËfl ‚ÂÍÚÓ‡ ‡
→

+ b
→

Ì‡ ‚ÂÍÚÓ j
→

‡‚Ì‡ 0. ÇÂÍÚÓ

‡
→

+ b
→

ÔÂÔÂÌ‰ËÍÛÎflÂÌ Í ÓÒË Ó‰ËÌ‡Ú.

2.4. Ñ‡ÌÓ: Ç (2;7;–1) Ë ë (–3;0;5), ÚÓ˜ÍË M Ë N ‰ÂÎflÚ ÓÚÂÁÓÍ

Çë Ì‡ ÚË ‡‚Ì˚Â ˜‡ÒÚË. ç‡ÈÚË ÍÓÓ‰ËÌ‡Ú˚ ÚÓ˜ÂÍ M Ë N.

êÂ¯ÂÌËÂ

�
M

BM

C
� = �

1

2
� = λ1, �

B

N

N

C
� = �

2

1
� = λ2. ÇÓÒÔÓÎ¸ÁÛÂÏÒfl ÙÓÏÛÎÓÈ (7):

2.5. ÇÂÍÚÓ FD
→

+ 3i
→

+ 4k
→

, Ä (–3;5;2). ç‡ÈÚË ÍÓÓ‰ËÌ‡Ú˚ ÚÓ˜-

ÍË Ç.

2.6. åÓÊÂÚ ÎË ‚ÂÍÚÓ ÒÓÒÚ‡‚ÎflÚ¸ Ò ÓÒflÏË ÍÓÓ‰ËÌ‡Ú Û„Î˚ 30°,

120°, 60°?

2.7. åÓ„ÛÚ ÎË ‚ÂÍÚÓ˚ ‡
→

= (4;3;–2), b
→

= (–1;2;1), c
→

= (5;1;3),

·˚Ú¸ ÒÚÓÓÌ‡ÏË ÚÂÛ„ÓÎ¸ÌËÍ‡?

2.8. ç‡ÈÚË ÍÓÓ‰ËÌ‡Ú˚ ‚ÂÍÚÓ‡ m
→

0, ÂÒÎË  m
→

= AB
→

– AC
→

, Ä
(–3;1;2), Ç (4;–3;6), ë (0;0;4).

2.9. Ñ‡Ì˚ ‚ÂÍÚÓ˚ ‡
→

= 3i
→

– j
→

+ 4k
→

, b
→

= –2i
→

– j
→

, c
→

= –3i
→

+

+ 2j
→

– 4k
→

. ç‡ÈÚË ‰ÎËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡

d
→

= ‡
→

– 2b
→

+ 6c
→

.

2.10. àÁ‚ÂÒÚÌ˚ ÍÓÓ‰ËÌ‡Ú˚ Úfiı ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚ı ‚Â¯ËÌ

Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡ ABCD: Ä (2;–3;4), Ç (6;1;6), ë (8;5;10). ç‡ÈÚË

ÍÓÓ‰ËÌ‡Ú˚ ˜ÂÚ‚fiÚÓÈ ‚Â¯ËÌ˚ D. éÔÂ‰ÂÎËÚ¸ ‚Ë‰ Ô‡‡ÎÎÂÎÓ-

„‡ÏÏ‡ Ë ‚˚˜ËÒÎËÚ¸ Â„Ó ÔÎÓ˘‡‰¸.

x y z NN N N= + ⋅( )
+

= = = + = ⎛
⎝

⎞
⎠

2 2 3

1 2

4

3

2

3

1 10

3
3

4

3

2

3
3

–
– , ,

–
. – ; ; .

 

x y z MM M M=
+ ⋅( )

+
= =

+
= =

+ ⋅

+
= ⎛

⎝
⎞
⎠

2
1

2
3

1
1

2

1

3

7

1
1

2

14

3

1
1

2
5

1
1

2

1
1

3

14

3
1

–
, ,

–
. ; ; .
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ëäÄãüêçéÖ èêéàáÇÖÑÖçàÖ 

ÑÇìï çÖçìãÖÇõï ÇÖäíéêéÇ

ëÍ‡ÎflÌ˚Ï ÔÓËÁ‚Â‰ÂÌËÂÏ ‰‚Ûı ‚ÂÍÚÓÓ‚ ‡
→ ≠ 0

→
, b

→ ≠ 0
→

Ì‡Á˚-

‚‡ÂÚÒfl ˜ËÒÎÓ, ‡‚ÌÓÂ ÔÓËÁ‚Â‰ÂÌË˛ ÏÓ‰ÛÎÂÈ ‚ÂÍÚÓÓ‚ Ì‡ ÍÓÒË-

ÌÛÒ Û„Î‡ ÏÂÊ‰Û ÌËÏË.

é·ÓÁÌ‡˜‡ÂÚÒfl: ‡
→

b
→

= |‡
→

| ⋅ |b
→

| ⋅ cos (‡
→^b

→
).

ë‚ÓÈÒÚ‚‡ ÒÍ‡ÎflÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl

1. ‡
→

b
→

= b
→

‡
→

(ÔÂÂÒÚ‡ÌÓ‚Ó˜ÌÓÒÚ¸).

2. λ‡
→

b
→

= (λ‡
→)b→ = ‡

→
(λb

→
) (ÒÓ˜ÂÚ‡ÚÂÎ¸ÌÓÒÚ¸ ÔÓ ÓÚÌÓ¯ÂÌË˛ Í ÒÍ‡-

ÎflÌÓÏÛ ÏÌÓÊËÚÂÎ˛).

3. ‡
→

(b
→

+ c
→

) = ‡
→

b
→

+ ‡
→

c
→

(‡ÒÔÂ‰ÂÎËÚÂÎ¸ÌÓÒÚ¸).

4. ‡
→2 = ‡

→
‡
→

= |‡
→

|2 (ÒÍ‡ÎflÌ˚È Í‚‡‰‡Ú).

5. ‡
→

b
→

= |‡
→

||b
→

|, ÂÒÎË ‡
→ ↑↑ b

→
Ë ‡

→
b
→

= –|‡
→

||b
→

|, ÂÒÎË ‡
→ ↑↓ b

→
.

6. ‡
→

b
→

= 0 ⇔ ‡
→⊥b

→
(ÛÒÎÓ‚ËÂ ÔÂÔÂÌ‰ËÍÛÎflÌÓÒÚË ‰‚Ûı ‚ÂÍÚÓÓ‚).

7. ‡
→

b
→

= |b
→

| ⋅ Ôb
→ ‡

→
= |‡

→
| ⋅ Ôa

→ b
→

.

8. cos (‡
→ ^ b

→
) = ËÎË  

9. ÖÒÎË ‡
→

= (x1;y1;z1), b
→

= (x2;y2;z2) ÚÓ ‡
→

b
→

= x1x2 + y1y2 + z1z2.

10. èÛÒÚ¸ Ï‡ÚÂË‡Î¸Ì‡fl ÚÓ˜Í‡ ‰‚ËÊÂÚÒfl ÔflÏÓÎËÌÂÈÌÓ ÔÓ‰

‰ÂÈÒÚ‚ËÂÏ ÒËÎ˚ F
→

ËÁ ÚÓ˜ÍË Ä ‚ ÚÓ˜ÍÛ Ç, ÚÓ„‰‡ ‡·ÓÚ‡, ÒÓ‚Â¯‡-

ÂÏ‡fl ÒËÎÓÈ ‡‚Ì‡ A = F
→

⋅ AB
→

.

á‡‰‡˜Ë ‰Îfl Ò‡ÏÓÒÚÓflÚÂÎ¸ÌÓ„Ó Â¯ÂÌËfl

3.1. ÇÂÍÚÓ˚ ‡
→

Ë b
→

Ó·‡ÁÛ˛Ú Û„ÓÎ ϕ = �
2

3
�π. áÌ‡fl, ˜ÚÓ |‡

→
| = 5,

|b
→

| = 3, ‚˚˜ËÒÎËÚ¸ (‡
→

+ 3b
→

)(2‡
→

– b
→).

êÂ¯ÂÌËÂ

ëÓ„Î‡ÒÌÓ Ò‚ÓÈÒÚ‚‡Ï ÒÍ‡ÎflÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl:

 

r r

r r
ab

a b

a b

a b

→ →

→ → .
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(‡
→

+ 3b
→

)(2‡
→

– b
→) = 2‡

→2 + 5‡
→

b
→

– 3b
→

2 = 2|‡
→

|2 + 5|‡
→

||b
→

| cos (‡
→^b

→
) – 3|b

→
|2 =

= 3 ⋅ 25 + 5 ⋅ 5 ⋅ 3 cos �
2

3
�π – 3 ⋅ 9 = 75 – 75 ⋅ �

1

2
� – 27 = 10,5.

3.2. Ñ‡ÌÓ: |‡
→

| = 1 Ë |b
→

| = , (‡
→^b

→
) = �

π
4

�. ç‡ÈÚË |3‡
→

– 2b
→

|.

êÂ¯ÂÌËÂ

àÒÔÓÎ¸ÁÛfl Ò‚ÓÈÒÚ‚‡ ÒÍ‡ÎflÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl, Ì‡È‰fiÏ:

3.3. Ç ΔABC: A (3;–1;4), B (1;–2;6), C (0;–1;0). ç‡ÈÚË cos A.

êÂ¯ÂÌËÂ

cos A = 

AB
→

= (–2;–1;2), AC
→

= (–3;0;–4),

AB
→

⋅ AC
→

= (–2) ⋅ (–3) + (–1) ⋅ 0 + 2 ⋅ (–4) = –2.

.

íÓ„‰‡ cos A = �
3

–

⋅
2

5
� =  –�

1

2

5
�.

3.4. ç‡ÈÚË ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ ‡
→

+ b
→

Ì‡ ‚ÂÍÚÓ ‡
→

, ÂÒÎË

‡
→

= (3;–1;4), b
→

= (1;0;–3).

AB AC= + + = = + + =4 1 4 3 9 0 16 5,

AB AC

AB AC

⋅
⋅

.

17 12 5 2 22– , .= = ≈

9 1 12 1 2
4

4 2 9 12 2
2

2
8– cos –= ⋅ ⋅ ⋅ + ⋅ = ⋅ + =π

  
3 2 3 2 9 12 4

2
2 2r r r r r r r r

a b a b a ab b– –= ( ) = − + =

 2
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êÂ¯ÂÌËÂ

‡
→

+ b
→

= (3+1;–1+0;4–3) = (4;–1;1); |‡
→

| = 

(‡
→

+ b
→

) ⋅ ‡
→

= 4 ⋅ 3 + (–1) ⋅ (–1) + 1 ⋅ 4 = 12 + 1 + 4 = 17;

Ôa
→ (‡

→
+ b

→
) = 

3.5. ä‡ÍÛ˛ ‡·ÓÚÛ ÔÓËÁ‚Ó‰ËÚ ‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘‡fl ‰‚Ûı ÒËÎ

F
→

1 = (–3;4;1) Ë F
→

2 = (5;-5;–5), ÍÓ„‰‡ ÚÓ˜Í‡ ÔËÎÓÊÂÌËfl ˝ÚËı ÒËÎ,

‰‚Ë„‡flÒ¸ ÔflÏÓÎËÌÂÈÌÓ, ÔÂÂÏÂ˘‡ÂÚÒfl ËÁ ÚÓ˜ÍË Ä (1;–2;3) ‚ ÚÓ˜-

ÍÛ Ç (5;–6;1)?

êÂ¯ÂÌËÂ
ê‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘‡fl ÒËÎ F

→
+ F

→
1 + F

→
2 = (–3+5;4–5;1–5) = 

= (2;–1;–4).

èÂÂÏÂ˘ÂÌËÂ AB
→

= (5–1;–6–(–2);1–3) = (4;–4;–2).

ê‡·ÓÚ‡ A = F
→

⋅ AB
→

= 2 ⋅ 4 + (–1) ⋅ (–4) + (–4) ⋅ (–2) = 8 + 4 + 8 = 20.

3.6. Ç˚˜ËÒÎËÚ¸ ÒÍ‡ÎflÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ‚ÂÍÚÓÓ‚ p
→

Ë q
→

, ÁÌ‡fl

Ëı ‡ÁÎÓÊÂÌËÂ ÔÓ ÚfiÏ ‚Á‡ËÏÌÓ ÔÂÔÂÌ‰ËÍÛÎflÌ˚Ï ‚ÂÍÚÓ‡Ï

‡
→

, b
→

, c
→

: p
→

= 3‡
→

+ b
→

– 2c
→

, q
→

= ‡
→

+ 4b
→

– 5c
→

. èË ˝ÚÓÏ |‡
→

| = 2, |b
→

| = 3,

|c
→

| = 1.

éÚ‚ÂÚ: –14.

3.7. ç‡ÈÚË ÓÒÚ˚È Û„ÓÎ ÏÂÊ‰Û ‰Ë‡„ÓÌ‡ÎflÏË Ô‡‡ÎÎÂÎÓ„‡Ï-

Ï‡, ÔÓÒÚÓÂÌÌÓ„Ó Ì‡ ‚ÂÍÚÓ‡ı AB
→

Ë AC
→

, ÂÒÎË A (3;4;3), B (4;4;2),

C (6;6;3).

éÚ‚ÂÚ: cos ϕ = .

3.8. ÇÂÍÚÓ˚ ‡
→

Ë b
→

‚Á‡ËÏÌÓ ÔÂÔÂÌ‰ËÍÛÎflÌ˚. ç‡ÈÚË ÍÓÓ-

‰ËÌ‡Ú˚ ‚ÂÍÚÓ‡ ‡
→

+ 2b
→

, ÂÒÎË ‡
→

= (2;–4;1), b
→

= (5;2;z).

éÚ‚ÂÚ: (8;0;–3).

11

3 21

  

r r r

r
a b a

a

+( ) ⋅
= 17

26
.

 9 1 16 26+ + = ;
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3.9. ç‡ÈÚË ÔÓÂÍˆË˛ AB
→

Ì‡ MN
→

, ÂÒÎË A (2;5;–1), B (6;9;6),

M (2;5;–5), N (5;5;–1).

éÚ‚ÂÚ: 4,6.

3.10. ä‡ÍÛ˛ ‡·ÓÚÛ ÒÓ‚Â¯ËÚ ÒËÎ‡ F
→

= (–1;3;–5) ÔË ÔÂÂÏÂ-

˘ÂÌËË Ï‡ÚÂË‡Î¸ÌÓÈ ÚÓ˜ÍË ËÁ ÚÓ˜ÍË A (2;–5;7) ‚ ÚÓ˜ÍÛ B (1;0;6)?

éÚ‚ÂÚ: 11.

ÇÖäíéêçéÖ èêéàáÇÖÑÖçàÖ

ÑÇìï çÖçìãÖÇõï ÇÖäíéêéÇ

ÇÂÍÚÓÌ˚Ï ÔÓËÁ‚Â‰ÂÌËÂÏ ‰‚Ûı ‚ÂÍÚÓÓ‚ ‡
→

Ë b
→

Ì‡Á˚‚‡ÂÚÒfl

‚ÂÍÚÓ c
→

, Ú‡ÍÓÈ, ˜ÚÓ: 

1) c
→

ÔÂÔÂÌ‰ËÍÛÎflÂÌ ÔÎÓÒÍÓÒÚË ‚ÂÍÚÓÓ‚ ‡
→

Ë b
→

, Ú. Â. c
→⊥‡

→

Ë c
→⊥b

→
;

2) c
→

ËÏÂÂÚ ‰ÎËÌÛ, ‡‚ÌÛ˛ |c
→

| = |‡
→

| ⋅|b→| ⋅ sin (‡
→^b

→
);

3) ‚ÂÍÚÓ˚ ‡
→

, b
→

Ë c
→

Ó·‡ÁÛ˛Ú Ô‡‚Û˛ ÚÓÈÍÛ.

ÇÂÍÚÓÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ Ó·ÓÁÌ‡˜‡ÂÚÒfl ‡
→ × b

→
ËÎË ⎣‡

→
, b

→⎦.

ë‚ÓÈÒÚ‚‡ ‚ÂÍÚÓÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl

1. èË ÔÂÂÒÚ‡ÌÓ‚ÍÂ ÒÓÏÌÓÊËÚÂÎÂÈ ‚ÂÍÚÓÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ

ÏÂÌflÂÚ ÁÌ‡Í,

Ú. Â. ‡
→ × b

→
= –(b

→ × ‡
→

).

2. λ(‡
→ × b

→
) = (λ‡

→
)b

→
= ‡

→ × (λb
→

) (ÒÓ˜ÂÚ‡ÚÂÎ¸ÌÓÒÚ¸ ÔÓ ÓÚÌÓ¯ÂÌË˛

Í ÒÍ‡ÎflÌÓÏÛ ÏÌÓÊËÚÂÎ˛);

3. ‡
→

|| b
→ ⇔ ‡

→ × b
→

= 0
→

; ‡
→ × ‡

→
= [‡

→
]2 = 0

→
.

4. (‡
→ × b

→
) × c

→
= ‡

→ × c
→

+ b
→ × c

→
.

5. ÑÎËÌ‡ ‚ÂÍÚÓÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl ˜ËÒÎÂÌÌÓ ‡‚Ì‡ ÔÎÓ-

˘‡‰Ë Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, ÔÓÒÚÓÂÌÌÓ„Ó Ì‡ ‚ÂÍÚÓ‡ı ‡
→

Ë b
→

.

èÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡, ÔÓÒÚÓÂÌÌÓ„Ó Ì‡ ‚ÂÍÚÓ‡ı ‡
→

Ë b
→

:

SΔ = �
1

2
� |‡

→ × b
→

|.

15



6. ÖÒÎË ‚ÂÍÚÓ˚ ‡
→

= x1i
→

+ y1j
→

+ z1k
→

Ë b
→

= x2i
→

+ y2j
→

+ z2k
→

,

ÚÓ ‡
→ × b

→
= 

7. èÛÒÚ¸ ‚ ÚÓ˜ÍÂ Ä ÔËÎÓÊÂÌ‡ ÒËÎ‡ F
→

= AB
→

Ë O — ÌÂÍÓÚÓ‡fl

ÚÓ˜Í‡ ÔÓÒÚ‡ÌÒÚ‚‡, ÚÓ„‰‡ ÏÓÏÂÌÚ ÒËÎ˚ F
→

ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË O

‡‚ÂÌ M
→

= OA
→

× F
→

.

á‡‰‡˜Ë ‰Îfl Ò‡ÏÓÒÚÓflÚÂÎ¸ÌÓ„Ó Â¯ÂÌËfl

4.1. ÇÂÍÚÓ˚ ‡
→

Ë b
→

Ó·‡ÁÛ˛Ú Û„ÓÎ ϕ = �
2

3
�π. áÌ‡fl, ˜ÚÓ |‡

→
| = 5,

|b
→

| = 3, ‚˚˜ËÒÎËÚ¸ |‡
→ × b

→
|.

êÂ¯ÂÌËÂ

|‡
→ × b

→
| = |‡

→
| ⋅ |b

→
| ⋅ sin 

4.2. Ç˚˜ËÒÎËÚ¸ ÔÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë, ÂÒÎË A (1;–4;3),

B (8;0;7), ë (3;–2;4).

êÂ¯ÂÌËÂ

ÇÓÒÔÓÎ¸ÁÛÂÏÒfl Ò‚ÓÈÒÚ‚‡ÏË (5) Ë (6).

ΔÄÇë ÔÓÒÚÓÂÌ Ì‡ ‚ÂÍÚÓ‡ı AB
→

= (7;4;4) Ë AS
→

= (2;2;1), ÚÓ„‰‡

SΔÄÇë = �
1

2
� |AB

→
× AC

→
| ⋅ AB

→
× AC

→
= 

AB
→

× AC
→

= (4 – 8)i
→

– (7 – 8) j
→

+ (14 – 8)k
→

= –4i
→

+ j
→

+ 6k
→

,

ÚÓ„‰‡ SΔÄÇë = �
1

2
� |AB

→
× AC

→
| = .

 
–4 1 6 53

2 2 2( ) + + =

  

r r r
i j k

7 4 4

2 2 1

.

 

2

3
15

3

2
7 5 3

π = = , .

  

r r r
i j k

x y z

x y z
1 1 1

2 2 2

.
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4.3. ç‡ÈÚË (3‡
→

+ 5b
→

)(2‡
→

– 5b
→

). 

êÂ¯ÂÌËÂ
àÒÔÓÎ¸ÁÛfl Ò‚ÓÈÒÚ‚‡ ‚ÂÍÚÓÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl, ÔÓÎÛ˜ËÏ: 

(3‡
→

+ 5b
→

)(2‡
→

– 5b
→

) = 6‡
→ × ‡

→
– 15‡

→ × b
→

+ 10b
→ × ‡

→
– 25b

→ × b
→

=

= 0 – 15‡
→ × b

→
– 10‡

→ × b
→

– 0 = – 15‡
→ × b

→
= 15b

→ × ‡
→

.

4.4. Ç˚˜ËÒÎËÚ¸ ÍÓÓ‰ËÌ‡Ú˚ ÏÓÏÂÌÚ‡ M
→

ÒËÎ˚ F
→

= (5;–2;4),

ÔËÎÓÊÂÌÌÓÈ Í ÚÓ˜ÍÂ Ä (–1;3;–2) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË O (2;1;0).

êÂ¯ÂÌËÂ
ÇÓÒÔÓÎ¸ÁÛÂÏÒfl Ò‚ÓÈÒÚ‚ÓÏ (7): M

→
= OA

→
× F

→
. OA

→
= (3;2;2), ÚÓ„‰‡: 

= – 4i
→

– 2j
→

+ 4k
→

. åÓÏÂÌÚ M
→

= (– 4;– 2;4).

4.5. ê‡ÒÍ˚Ú¸ ÒÍÓ·ÍË Ë ÛÔÓÒÚËÚ¸: 3i
→

(j
→

+ k
→

) + 4(i
→

+ k
→

)i
→

– 

– 5k
→

(k
→

+ i
→

).

éÚ‚ÂÚ: – j
→

.

4.6. ç‡ÈÚË ÏÓ‰ÛÎ¸ ‚ÂÍÚÓ‡ c
→

= (3‡
→

+ b
→

)(‡
→

– 2b
→

), ÂÒÎË |‡
→

| = 3,

|b
→

| = 4, cos (‡
→^b

→
) = 0,6. 

éÚ‚ÂÚ: 69,2.

4.7. Ç˚˜ËÒÎËÚ¸ ÔÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë, ÂÒÎË A (4;–1;5),

B (2;3;–1), ë (6;2;3).

éÚ‚ÂÚ: .

4.8. ä ÚÓ˜ÍÂ Ä (2;–1;1) ÔËÎÓÊÂÌ˚ ‰‚Â ÒËÎ˚ F
→

1 = (–2;4;1) Ë

F
→

2 = (0;–2;–3), Ì‡ÈÚË ÍÓÓ‰ËÌ‡Ú˚ ÏÓÏÂÌÚ‡ M
→

˝ÚËı ÒËÎ ÓÚÌÓÒË-

ÚÂÎ¸ÌÓ ÚÓ˜ÍË é (3;–1;0).

éÚ‚ÂÚ: M
→

= (2;4;2).

 2 282

  

r r r
i j k

3 2 2

5 2 4

–

–
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ëåÖòÄççéÖ èêéàáÇÖÑÖçàÖ ÇÖäíéêéÇ

ëÏÂ¯‡ÌÌ˚Ï (‚ÂÍÚÓÌÓ-ÒÍ‡ÎflÌ˚Ï) ÔÓËÁ‚Â‰ÂÌËÂÏ ‚ÂÍÚÓ-

Ó‚ ‡
→

, b
→

Ë c
→

Ì‡Á˚‚‡ÂÚÒfl ˜ËÒÎÓ, ÒÓÒÚ‡‚ÎÂÌÌÓÂ ÔÓ Ô‡‚ËÎÛ (‡
→ × b

→
)c

→
.

é·ÓÁÌ‡˜‡ÂÚÒfl: ‡
→

b
→

c
→

= (‡
→ × b

→
)c

→
.

ë‚ÓÈÒÚ‚‡ ÒÏÂ¯‡ÌÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl

1. ëÏÂ¯‡ÌÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ÌÂ ÏÂÌflÂÚÒfl ÔË ÔÂÂÒÚ‡-

ÌÓ‚ÍÂ ÏÂÒÚ‡ÏË ÁÌ‡ÍÓ‚ ‚ÂÍÚÓÌÓ„Ó Ë ÒÍ‡ÎflÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËÈ:

(‡
→ × b

→
)c

→
= ‡

→
(b

→ × c
→

).

2. (‡
→ × b

→
)c

→
= (b

→ × c
→

)‡
→

= (c
→ × ‡→)b

→
.

3. ëÏÂ¯‡ÌÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ÏÂÌflÂÚ Ò‚ÓÈ ÁÌ‡Í ÔË ÔÂÂÏÂÌÂ

ÏÂÒÚ Î˛·˚ı ‰‚Ûı ‚ÂÍÚÓÓ‚ ÒÓÏÌÓÊËÚÂÎÂÈ: ‡
→

b
→

c
→

= –‡
→

c
→

b
→

, ‡
→

b
→

c
→

= 

= –b
→

‡
→

c
→

, ‡
→

b
→

c
→

= –c
→

b
→

‡
→

.

4. ëÏÂ¯‡ÌÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ÌÂÌÛÎÂ‚˚ı ‚ÂÍÚÓÓ‚ ‡
→

, b
→

Ë c
→

‡‚ÌÓ ÌÛÎ˛ ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ ÓÌË ÍÓÏÔÎ‡Ì‡Ì˚:

‡
→

b
→

c
→

= 0 ⇔ ‡
→

, b
→

, c
→

— ÍÓÏÔÎ‡Ì‡Ì˚.

5. åÓ‰ÛÎ¸ ÒÏÂ¯‡ÌÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl ‚ÂÍÚÓÓ‚ ˜ËÒÎÂÌÌÓ ‡-

‚ÂÌ Ó·˙fiÏÛ Ô‡‡ÎÎÂÎÂÔËÔÂ‰‡ V1, ÔÓÒÚÓÂÌÌÓ„Ó Ì‡ ‚ÂÍÚÓ‡ı ‡
→

, b
→

Ë c
→

: V1 = |‡
→

b
→

c
→

|. 

V2 = �
1

6
� |‡

→
b
→

c
→

| — Ó·˙fiÏ ÔË‡ÏË‰˚, ÔÓÒÚÓÂÌÌÓÈ Ì‡ ‚ÂÍÚÓ‡ı ‡
→

,

b
→

Ë c
→

.

6. ÖÒÎË ‚ÂÍÚÓ˚ ‡
→

= x1i
→

+ y1 j
→

+ z1k
→

, b
→

= x2i
→

+ y2 j
→

+ z2k
→

Ë

c
→

= x3i
→

+ y3 j
→

+ z3k
→

,

ÚÓ„‰‡ ‡
→

b
→

c
→

= .

á‡‰‡˜Ë ‰Îfl Ò‡ÏÓÒÚÓflÚÂÎ¸ÌÓ„Ó Â¯ÂÌËfl

5.1. ç‡ÈÚË ÒÏÂ¯‡ÌÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ‚ÂÍÚÓÓ‚ ‡
→

= 3i
→

+ j
→

– k
→

,

b
→

= 2i
→

– 3 j

→
+ 4k

→
Ë c

→
= j

→
– k

→
.

 

x y z

x y z

x y z

1 1 1

2 2 2

3 3 3
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êÂ¯ÂÌËÂ

‡
→

b
→

c
→

= 3(3 – 4) – 1(–2) – 1(2) =

= –3 + 3 – 2 = –2.

5.2. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ ‡
→

= (1;1;–1), b
→

= (1;2;2), c
→

= (2;5;7)

ÍÓÏÔÎ‡Ì‡Ì˚.

êÂ¯ÂÌËÂ

‡
→

b
→

c
→

= 0 ⇔ ‡
→

, b
→

, c
→

— ÍÓÏÔÎ‡Ì‡Ì˚.

‡
→

b
→

c
→

= 1(14 – 10) – 1(7 – 4) – 1(5 – 4) =

= 4 – 3 – 1 = 0.

í. Í. ‡
→

b
→

c
→

= 0, ÚÓ Á‡‰‡ÌÌ˚Â ‚ÂÍÚÓ˚ ÍÓÏÔÎ‡Ì‡Ì˚.

5.3. ç‡ÈÚË Ó·˙fiÏ ÚÂÛ„ÓÎ¸ÌÓÈ ÔË‡ÏË‰˚ Ò ‚Â¯ËÌ‡ÏË

S (5;2;–2), A (2;1;–1), B (3;0;2), ë (4;–3;1).

êÂ¯ÂÌËÂ

ç‡È‰fiÏ ÍÓÓ‰ËÌ‡Ú˚ ‚ÂÍÚÓÓ‚ AB
→

, AC
→

, AS
→

, ÒÓ‚Ô‡‰‡˛˘ËÂ Ò fi-

·‡ÏË ÔË‡ÏË‰˚, ÒıÓ‰fl˘ËÏËÒfl ‚ Ó‰ÌÓÈ ÚÓ˜ÍÂ.

AB
→

= (1;–1;3), AC
→

= (2;–4;2), AS
→

= (–3;–1;1).

V = �
1

6
� |‡

→
b
→

c
→

| — Ó·˙fiÏ ÔË‡ÏË‰˚, ÔÓÒÚÓÂÌÌÓÈ Ì‡ ‚ÂÍÚÓ‡ı ‡
→

, b
→

Ë c
→

.

 

V = = ⋅ + ⋅ + ⋅
⎛
⎝⎜

⎞
⎠⎟

=1

6

1 1 3

2 4 2

3 1 1

1

6
1

4 2

1 1
1

2 2

3 1
3

2 4

3 1

–

–

–

–

– –

–

 

1 1 1

1 2 2

2 5 7

–

=

 

x y z

x y z

x y z

1 1 1

2 2 2

3 3 3

3 1 1

2 3 4

0 1 1

= =
–

–

–
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5.4. ãÂÊ‡Ú ÎË ÚÓ˜ÍË Ä (–2;1;1), B (0;2;–4), C (3;2;2) Ë D (3;–4;0)

‚ Ó‰ÌÓÈ ÔÎÓÒÍÓÒÚË?

êÂ¯ÂÌËÂ
ÖÒÎË ‚ÂÍÚÓ˚ AB

→
, AC

→
, AD

→
ÍÓÏÔÎ‡Ì‡Ì˚, ÚÓ ÚÓ˜ÍË A, B, C, D

ÎÂÊ‡Ú ‚ Ó‰ÌÓÈ ÔÎÓÒÍÓÒÚË.

AB
→

= (2;1;–5), AC
→

= (5;1;1), AD
→

= (5;–5;–1). Ç˚˜ËÒÎËÏ: 

AB
→

× AC
→

× AD
→

= = 10 + 50 = 60 ≠ 0, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,

ÚÓ˜ÍË A, B, C, D ÌÂ ÎÂÊ‡Ú ‚ Ó‰ÌÓÈ ÔÎÓÒÍÓÒÚË.

5.5. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ ‡
→

= (1;1;4), b
→

= (1;–2;0), c
→

= (3;–3;4)

ÍÓÏÔÎ‡Ì‡Ì˚, Ë Ì‡ÈÚË ÎËÌÂÈÌÛ˛ Á‡‚ËÒËÏÓÒÚ¸ ÏÂÊ‰Û ÌËÏË.

êÂ¯ÂÌËÂ

‡
→

b
→

c
→

= = 1(–8) – 1 ⋅ 4 + 4 ⋅(–3 + 6) = – 8 – 4 + 12 = 0,

ÁÌ‡˜ËÚ ‚ÂÍÚÓ˚ ‡
→

, b
→

Ë c
→

ÍÓÏÔÎ‡Ì‡Ì˚.

ÇÂÍÚÓ˚ ‡
→

Ë b
→

Ó·‡ÁÛ˛Ú ·‡ÁËÒ, ÚÓ„‰‡ c
→

= m‡
→

+ nb
→

;

m‡
→

= (m;m;4m), nb
→

= (n;–2;0). m‡
→

+ nb
→

= (m + n; m – 2n;4m).

c
→

= (3;–3,4) ⇒ íÓ„‰‡ c
→

= ‡
→ 

+ 2b
→

.

5.6. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ Ô‡‡ÎÎÂÎÂÔËÔÂ‰‡, ÔÓÒÚÓÂÌÌÓ„Ó Ì‡

‚ÂÍÚÓ‡ı ‡
→

= (0;2;5), b
→

= (3;4;0), c
→

= (0;–3;1).

éÚ‚ÂÚ: V = 51.

 

m n

m n m n

m

+ =
= ⇒ = =

=

⎧
⎨
⎪

⎩⎪

3

2 3 1 2

4 4

– – , .

 

1 1 4

1 2 0

3 3 4

–

–

 

2 1 5

5 1 1

5 5 1

–

– –

= +( ) =1

6
2 8 42 6– .
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5.7. ç‡ÈÚË ‚˚ÒÓÚÛ ÔË‡ÏË‰˚, ÓÔÛ˘ÂÌÌÛ˛ ËÁ ‚Â¯ËÌ˚ 

D (2;0;0) Ì‡ ÔÎÓÒÍÓÒÚ¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë, ÂÒÎË Ä (0;3;0),

Ç (0;0;6), ë (2;3;8).

éÚ‚ÂÚ: 

5.8. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ ‡
→

= (–1;2;0), b
→

= (3;1;–1),

c
→

= (6;–4;1) Ó·‡ÁÛ˛Ú ·‡ÁËÒ Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ d
→

= (1;–1;2) ‚

˝ÚÓÏ ·‡ÁËÒÂ.

éÚ‚ÂÚ: d
→

= 2‡
→

– b
→

+ c
→

.

 

2 21

3
.
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2. èêÄäíàäÄ

àçÑàÇàÑìÄãúçõÖ ÑéåÄòçàÖ áÄÑÄçàü (àÑá)

1 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ‚ÂÍÚÓ‡ c
→

= (1,y,z), ÂÒÎË ÓÌ ÍÓÎÎËÌÂ‡ÂÌ ‚ÂÍÚÓÛ AB
→

, „‰Â

Ä (–1,3,4), Ç (2,0,1).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ç (2,3,–2), ë (4,–5,1),. ç‡ÈÚË: ‡) ÍÓ-

Ó‰ËÌ‡Ú˚ ÚÓ˜ÍË Ä, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä, ‚) ‰ÎËÌÛ ‚˚ÒÓÚ˚, ÓÔÛ-

˘ÂÌÌÓÈ ËÁ ‚Â¯ËÌ˚ Ä.

3. Ñ‡Ì˚ ÒËÎ˚ F
→

1 = (4,–2,3) Ë F
→

2 = (3,2,–1), ÔËÎÓÊÂÌÌ˚Â Í ÚÓ˜-

ÍÂ Ä (2,–4,5). éÔÂ‰ÂÎËÚ¸ ‚ÂÎË˜ËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚

ÏÓÏÂÌÚ‡ ‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘ÂÈ ˝ÚËı ÒËÎ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË

é (3,–1,1).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,4,6), n
→

= (2,–2;–1), p
→

= (2,–5,3)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (3,5,1) ÔÓ ‚ÂÍÚÓ‡Ï m
→

,

n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (1,–3,1),

Ä2 (–3,2,–3), Ä3 (–3,–3,3), Ä4 (–2,0,4).

2 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= AB
→

– CD
→

, ÂÒÎË

Ä (3,1,1), Ç (–3,2,–3), ë (3,–3,3), D (–2,0,–4).

2. Ñ‡Ì Ô‡‡ÎÎÂÎÓ„‡ÏÏ ABCD: Ä (2,–3,1), Ç (4,1,1), ë (5,–3,2).

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ˜ÂÚ‚fiÚÓÈ ‚Â¯ËÌ˚, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ

Ä, ‚) ÔÎÓ˘‡‰¸ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, „) ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ AB
→

Ì‡ ‚ÂÍ-

ÚÓ BC
→

.

3. Ñ‡Ì˚ ‰‚Â ÒËÎ˚ F
→

1 = (2,–1,4), F
→

2 = (3,–1,2), ÔËÎÓÊÂÌÌ˚Â Í

Ó‰ÌÓÈ ÚÓ˜ÍÂ. Ç˚˜ËÒÎËÚ¸ ‡·ÓÚÛ, ÍÓÚÓÛ˛ ÔÓËÁ‚Ó‰ËÚ ‡‚ÌÓ‰ÂÈ-

ÒÚ‚Û˛˘‡fl ˝ÚËı ÒËÎ, ÍÓ„‰‡ ÚÓ˜Í‡ ÔËÎÓÊÂÌËfl, ‰‚Ë„‡flÒ¸ ÔflÏÓÎË-

ÌÂÈÌÓ, ÔÂÂÏÂ˘‡ÂÚÒfl ËÁ ÔÓÎÓÊÂÌËfl Ä (–1,1,0) ‚ ÔÓÎÓÊÂÌËÂ

Ç (0,2,1).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,2,3), n
→

= (–2,1,–6), p
→

= (4,–6,1)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (3,2,–2) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.
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5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (1,1,1),

Ä2 (3,4,0), Ä3 (–1,5,6), Ä4 (4,0,5).

3 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ‰ÎËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= 2m
→

–

– 3n
→

+ p
→

, ÂÒÎË m
→

= (2,–3,5), n
→

= (1,0,4), p
→

= (–3,4,2).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ä (4,–3,–5), AB
→

= 2i
→

– 4j
→

– k
→

,

BC
→

= 3i
→

– 4j
→

– k
→

. ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ‚Â¯ËÌ Ç Ë ë, ·) ÔÓÂÍ-

ˆË˛ ‚ÂÍÚÓ‡ AC
→

Ì‡ ‚ÂÍÚÓ BC
→

, ‚) ÔÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë,

„) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä.

3. ç‡ÈÚË ÏÓÏÂÌÚ ÒËÎ˚ F
→

= (3,4,–2), ÔËÎÓÊÂÌÌÓÈ Í ÚÓ˜ÍÂ

Ä (2,–1,–2) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË é (0,0,0).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (2,1,4), n
→

= (3,–6,–3), p
→

= (4,–2,8)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (1,–1,–1) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (7,1,2), Ä2

(–5,3,–2), Ä3 (3,3,5), Ä4 (4,5,–1).

4 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ‚ÂÍÚÓ‡ c
→

= (x,y,6), ÂÒÎË ÓÌ ÍÓÎÎËÌÂ‡ÂÌ ‚ÂÍÚÓÛ AB
→

, „‰Â

Ä (2,1,–1), Ç (–1,4,2).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ç (3,–1,2), ë (2,2,–5), AB
→

= 3i
→

– j
→

– k
→

.

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ÚÓ˜ÍË Ä, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä, ‚) ‰ÎËÌÛ

‚˚ÒÓÚ˚, ÓÔÛ˘ÂÌÌÓÈ ËÁ ‚Â¯ËÌ˚ Ä.

3. Ñ‡Ì˚ ÒËÎ˚ F
→

1 = (2,–1,1) Ë F
→

2 = (1,4,2), ÔËÎÓÊÂÌÌ˚Â Í ÚÓ˜-

ÍÂ Ä (3,2,1). éÔÂ‰ÂÎËÚ¸ ‚ÂÎË˜ËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚

ÏÓÏÂÌÚ‡ ‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘ÂÈ ˝ÚËı ÒËÎ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË

é (2,–4,0).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (3,2,4), n
→

= (2,–3,1), p
→

= (2,3,–6)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (8,8,21) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (3,1,1),

Ä2 (1,4,1), Ä3 (1,1,7), Ä4 (3,4,–1).

23



5 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= BC
→

+ AD
→

, ÂÒÎË

Ä (4,5,–2), Ç (–1,3,0), ë (6,1,–4), D (1,–1,6).

2. Ñ‡Ì Ô‡‡ÎÎÂÎÓ„‡ÏÏ ABCD: Ä (4,3,–2), Ç (3,0,–1), ë (4,–2,4).

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ˜ÂÚ‚fiÚÓÈ ‚Â¯ËÌ˚, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ

Ä, ‚) ÔÎÓ˘‡‰¸ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, „) ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ AB
→

Ì‡ ‚ÂÍ-

ÚÓ BC
→

.

3. Ñ‡Ì˚ ‰‚Â ÒËÎ˚ F
→

1 = (–3,1,5), F
→

2 = (2,4,5), ÔËÎÓÊÂÌÌ˚Â Í Ó‰-

ÌÓÈ ÚÓ˜ÍÂ. Ç˚˜ËÒÎËÚ¸ ‡·ÓÚÛ, ÍÓÚÓÛ˛ ÔÓËÁ‚Ó‰ËÚ ‡‚ÌÓ‰ÂÈÒÚ-

‚Û˛˘‡fl ˝ÚËı ÒËÎ, ÍÓ„‰‡ ÚÓ˜Í‡ ÔËÎÓÊÂÌËfl, ‰‚Ë„‡flÒ¸ ÔflÏÓÎË-

ÌÂÈÌÓ, ÔÂÂÏÂ˘‡ÂÚÒfl ËÁ ÔÓÎÓÊÂÌËfl Ä (3,0,1) ‚ ÔÓÎÓÊÂÌËÂ

Ç (4,1,2).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (2,1,0), n
→

= (–1,1,2), p
→

= (1,0,–1)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (3,3,1) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (5,1,0),

Ä2 (7,0,1), Ä3 (2,1,4), Ä4 (5,5,3).

6 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ‰ÎËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= –3m
→

+

+ 2n
→

– 3p
→

, ÂÒÎË m
→

= (2,–3,1), n
→

= (1,0,4), p
→

= (–2,–1,1).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ä (1,0,–3) AB
→

= 6i
→

– 2j
→

+ 3k
→

,

BC
→

= 6i
→

– 2j
→

+ 5k
→

. ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ‚Â¯ËÌ Ç Ë ë, ·) ÔÓ-

ÂÍˆË˛ ‚ÂÍÚÓ‡ AC
→

Ì‡ ‚ÂÍÚÓ BC
→

, ‚) ÔÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë,

„) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä.

3. ç‡ÈÚË ÏÓÏÂÌÚ ÒËÎ˚ F
→

= (2,2,9), ÔËÎÓÊÂÌÌÓÈ Í ÚÓ˜ÍÂ

Ä (4,2,–3) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË é (2,4,0).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,3,6), n
→

= (4,2,4), p
→

= (–1,2,–2)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (2,1,5) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (2,3,5),

Ä2 (2,–3,–4), Ä3 (5,2,1), Ä4 (4,1,1).

7 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-
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Ò˚ ‚ÂÍÚÓ‡ c
→

= (4,y,z) ÂÒÎË ÓÌ ÍÓÎÎËÌÂ‡ÂÌ ‚ÂÍÚÓÛ AB
→

, „‰Â

Ä (–1,–2,4), Ç (1,1,2).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ç (1,–2,5), ë (3,–6,8), AB
→

= 3i
→

– 2j
→

+ k
→

.

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ÚÓ˜ÍË Ä, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä, ‚) ‰ÎËÌÛ

‚˚ÒÓÚ˚, ÓÔÛ˘ÂÌÌÓÈ ËÁ ‚Â¯ËÌ˚ Ä.

3. Ñ‡Ì˚ ÒËÎ˚ F
→

1 = (1,0,2) Ë F
→

2 = (2,–2,1), ÔËÎÓÊÂÌÌ˚Â Í ÚÓ˜-

ÍÂ Ä (2,–3,5). éÔÂ‰ÂÎËÚ¸ ‚ÂÎË˜ËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚

ÏÓÏÂÌÚ‡ ‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘ÂÈ ˝ÚËı ÒËÎ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË

é (1,–2,3).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,3,2), n
→

= (2,1,3), p
→

= (3,2,1)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (2,3,1) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (2,3,1),

Ä2 (3,4,1), Ä3 (6,2,–3), Ä4 (5,0,1).

8 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= 2AB
→

– 3DC
→

, ÂÒ-

ÎË Ä (4,4,5), Ç (0,0,0), ë (–5,2,0), D (–2,5,2).

2. Ñ‡Ì Ô‡‡ÎÎÂÎÓ„‡ÏÏ ABCD: Ä (–2,3,4), Ç (2,–1,2), ë (6,–3,2).

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ˜ÂÚ‚fiÚÓÈ ‚Â¯ËÌ˚, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ

Ä, ‚) ÔÎÓ˘‡‰¸ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, „) ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ AB
→

Ì‡ ‚ÂÍ-

ÚÓ BC
→

.

3. Ñ‡Ì˚ ‰‚Â ÒËÎ˚ F
→

1 = (4,3,1), F
→

2 = (3,2,–1) ÔËÎÓÊÂÌÌ˚Â Í Ó‰-

ÌÓÈ ÚÓ˜ÍÂ. Ç˚˜ËÒÎËÚ¸ ‡·ÓÚÛ, ÍÓÚÓÛ˛ ÔÓËÁ‚Ó‰ËÚ ‡‚ÌÓ‰ÂÈÒÚ-

‚Û˛˘‡fl ˝ÚËı ÒËÎ, ÍÓ„‰‡ ÚÓ˜Í‡ ÔËÎÓÊÂÌËfl, ‰‚Ë„‡flÒ¸ ÔflÏÓÎË-

ÌÂÈÌÓ, ÔÂÂÏÂ˘‡ÂÚÒfl ËÁ ÔÓÎÓÊÂÌËfl Ä (1,2,3) ‚ ÔÓÎÓÊÂÌËÂ

Ç (2,3,4).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,6,8), n
→

= (1,3,–4), p
→

= (1,1,–2)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (1,–9,5) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (5,2,–2),

Ä2 (2,1,1), Ä3 (6,–2,0), Ä4 (1,–1,1).

9 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ‰ÎËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= m
→

+ 2n
→

– p
→

,

ÂÒÎË m
→

= (4,5,–2), n
→

= (2,–1,1), p
→

= (4,3,–2).
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2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ä (2,–7,1), AB
→

= 5i
→

+ 3j
→

– k
→

,

BC
→

= 7i
→

– 4k
→

. ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ‚Â¯ËÌ Ç Ë ë, ·) ÔÓÂÍˆË˛

‚ÂÍÚÓ‡ AC
→

Ì‡ ‚ÂÍÚÓ BC
→

, ‚) ÔÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë, „) Û„ÓÎ

ÔË ‚Â¯ËÌÂ Ä.

3. ç‡ÈÚË ÏÓÏÂÌÚ ÒËÎ˚ F
→

= (2,1,–3), ÔËÎÓÊÂÌÌÓÈ Í ÚÓ˜ÍÂ

Ä (1,2,0) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË é (3,0,–3).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,1,1), n
→

= (1,–2,0), p
→

= (0,1,–2)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (1,1,2) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (–4,5,–3),

Ä2 (3,4,0), Ä3 (7,1,–1), Ä4 (2,2,0).

10 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ‚ÂÍÚÓ‡ c
→

= (x,y,–2), ÂÒÎË ÓÌ ÍÓÎÎËÌÂ‡ÂÌ ‚ÂÍÚÓÛ AB
→

, „‰Â

Ä (2,–1,2), Ç (4,1,4).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ç (4,1,1), ë (3,–2,5), AB
→

= 2i
→

+ 4j
→

– k
→

.

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ÚÓ˜ÍË Ä, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä, ‚) ‰ÎËÌÛ

‚˚ÒÓÚ˚, ÓÔÛ˘ÂÌÌÓÈ ËÁ ‚Â¯ËÌ˚ Ä.

3. Ñ‡Ì˚ ÒËÎ˚ F
→

1 = (2,–3,3) Ë F
→

2 = (–1,2,–1), ÔËÎÓÊÂÌÌ˚Â Í

ÚÓ˜ÍÂ Ä (3,–2,1). éÔÂ‰ÂÎËÚ¸ ‚ÂÎË˜ËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ÏÓÏÂÌÚ‡ ‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘ÂÈ ˝ÚËı ÒËÎ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË

é (2,–1,0).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (3,2,1), n
→

= (4,–4,5), p
→

= (2,–3,1)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (8,–1,0) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (1,–1,6),

Ä2 (4,5,–2), Ä3 (–1,3,0), Ä4 (6,1,5).

11 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= 2BD
→

+ 3AC
→

, ÂÒ-

ÎË Ä (1,2,4), Ç (7,1,–4), ë (5,–3,–2), D (3,8,5).

2. Ñ‡Ì Ô‡‡ÎÎÂÎÓ„‡ÏÏ ABCD: Ä (0,–2,3), Ç (4,1,2), ë (2,7,–1). ç‡È-

ÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ˜ÂÚ‚fiÚÓÈ ‚Â¯ËÌ˚, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä, ‚)

ÔÎÓ˘‡‰¸ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, „) ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ AB
→

Ì‡ ‚ÂÍÚÓ BC
→

.
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3. Ñ‡Ì˚ ‰‚Â ÒËÎ˚ F
→

1 = (–1,1,0), F
→

2 = (3,–2,1), ÔËÎÓÊÂÌÌ˚Â Í

Ó‰ÌÓÈ ÚÓ˜ÍÂ. Ç˚˜ËÒÎËÚ¸ ‡·ÓÚÛ, ÍÓÚÓÛ˛ ÔÓËÁ‚Ó‰ËÚ ‡‚ÌÓ‰ÂÈ-

ÒÚ‚Û˛˘‡fl ˝ÚËı ÒËÎ, ÍÓ„‰‡ ÚÓ˜Í‡ ÔËÎÓÊÂÌËfl, ‰‚Ë„‡flÒ¸ ÔflÏÓÎË-

ÌÂÈÌÓ, ÔÂÂÏÂ˘‡ÂÚÒfl ËÁ ÔÓÎÓÊÂÌËfl Ä (3,–2,1) ‚ ÔÓÎÓÊÂÌËÂ

Ç (4,–1,2).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (5,2,1), n
→

= (8,–3,2), p
→

= (–1,2,3)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (7,9,1) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (0,0,0),

Ä2 (5,2,0), Ä3 (2,5,0), Ä4 (1,2,4).

12 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ‰ÎËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= 4m
→

–

– n
→

+ p
→

, ÂÒÎË m
→

= (3,–2,4), n
→

= (–3,0,2), p
→

= (0,8,1).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ä (–3,1,2), AB
→

= 2j
→

+ k
→

, BC
→

= 3i
→

–

– 3j
→

– k
→

. ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ‚Â¯ËÌ Ç Ë ë, ·) ÔÓÂÍˆË˛ ‚ÂÍ-

ÚÓ‡ AC
→

Ì‡ ‚ÂÍÚÓ BC
→

, ‚) ÔÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë, „) Û„ÓÎ

ÔË ‚Â¯ËÌÂ Ä.

3. ç‡ÈÚË ÏÓÏÂÌÚ ÒËÎ˚ F
→

= (3,2,–1), ÔËÎÓÊÂÌÌÓÈ Í ÚÓ˜ÍÂ

Ä (5,2,6) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË é (2,0,–4).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (2,5,3), n
→

= (–1,2,–1), p
→

= (5,13,5)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (4,2,0) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (–2,3,–2),

Ä2 (2,–3,2), Ä3 (2,2,0), Ä4 (1,5,5).

13 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ‚ÂÍÚÓ‡ c
→

= (x,1,z), ÂÒÎË ÓÌ ÍÓÎÎËÌÂ‡ÂÌ ‚ÂÍÚÓÛ AB
→

, „‰Â

Ä (1,2,4), Ç (1,–1,1).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ç (2,1,0), ë (3,–2,5), AB
→

= 4i
→

+ k
→

.

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ÚÓ˜ÍË Ä, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä, ‚) ‰ÎËÌÛ

‚˚ÒÓÚ˚, ÓÔÛ˘ÂÌÌÓÈ ËÁ ‚Â¯ËÌ˚ Ä.

3. Ñ‡Ì˚ ÒËÎ˚ F
→

1 = (3,–1,–1) Ë F
→

2 = (–2,1,0) ÔËÎÓÊÂÌÌ˚Â Í ÚÓ˜-

ÍÂ Ä (–3,1,0). éÔÂ‰ÂÎËÚ¸ ‚ÂÎË˜ËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚
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ÏÓÏÂÌÚ‡ ‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘ÂÈ ˝ÚËı ÒËÎ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË

é (–1,–2,1).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,4,2), n
→

= (1,–3,1), p
→

= (–1,1,–1)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (–2,1,1) ÔÓ ‚ÂÍÚÓ‡Ï m
→

,

n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (4,–3,–2),

Ä2 (2,2,3), Ä3 (2,–2,–3), Ä4 (–1,–2,3).

14 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= 2BC
→

+ AD
→

, ÂÒ-

ÎË Ä (4,–6,–1), Ç (–2,3,–2), ë (2,–3,2), D (2,6,0).

2. Ñ‡Ì Ô‡‡ÎÎÂÎÓ„‡ÏÏ ABCD: Ä (3,4,–5), Ç (1,–3,2), ë (2,4,0).

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ˜ÂÚ‚fiÚÓÈ ‚Â¯ËÌ˚, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ

Ä, ‚) ÔÎÓ˘‡‰¸ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, „) ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ AB
→

Ì‡ ‚ÂÍ-

ÚÓ BC
→

.

3. Ñ‡Ì˚ ‰‚Â ÒËÎ˚ F
→

1 = (3,0,1), F
→

2 = (3,1,5) ÔËÎÓÊÂÌÌ˚Â Í Ó‰-

ÌÓÈ ÚÓ˜ÍÂ. Ç˚˜ËÒÎËÚ¸ ‡·ÓÚÛ, ÍÓÚÓÛ˛ ÔÓËÁ‚Ó‰ËÚ ‡‚ÌÓ‰ÂÈÒÚ-

‚Û˛˘‡fl ˝ÚËı ÒËÎ, ÍÓ„‰‡ ÚÓ˜Í‡ ÔËÎÓÊÂÌËfl, ‰‚Ë„‡flÒ¸ ÔflÏÓÎË-

ÌÂÈÌÓ, ÔÂÂÏÂ˘‡ÂÚÒfl ËÁ ÔÓÎÓÊÂÌËfl Ä (4,2,–5) ‚ ÔÓÎÓÊÂÌËÂ

Ç (5,3,–4).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,3,2), n
→

= (2,–5,7), p
→

= (1,3,–1)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (4,1,8) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (4,2,–1),

Ä2 (3,0,4), Ä3 (0,0,4), Ä4 (5,–1,–3).

15 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ‰ÎËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= 3m
→

–

– 3n
→

+ 5p
→

, ÂÒÎË m
→

= (–4,2,0), n
→

= (3,0,2), p
→

= (4,–1,1).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ä (4,–2,1), AB
→

= 2i
→

– 4j
→

+ k
→

,

BC
→

= 3i
→

– 2j
→

. ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ‚Â¯ËÌ Ç Ë ë, ·) ÔÓÂÍˆË˛

‚ÂÍÚÓ‡ AC
→

Ì‡ ‚ÂÍÚÓ BC
→

, ‚) ÔÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë, „) Û„ÓÎ

ÔË ‚Â¯ËÌÂ Ä.

3. ç‡ÈÚË ÏÓÏÂÌÚ ÒËÎ˚ F
→

= (–4,1,3), ÔËÎÓÊÂÌÌÓÈ Í ÚÓ˜ÍÂ

Ä (1,0,4) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË é (3,4,0).
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4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (2,1,2), n
→

= (1,2,2), p
→

= (2,2,1)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (1,2,1) ÔÓ ‚ÂÍÚÓ‡Ï m
→

,

n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (1,2,–1), Ä2

(0,1,1), Ä3 (–2,–1,–4), Ä4 (–7,0,2).

16 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ‚ÂÍÚÓ‡ c
→

= (–2,y,z), ÂÒÎË ÓÌ ÍÓÎÎËÌÂ‡ÂÌ ‚ÂÍÚÓÛ AB
→

, „‰Â

Ä (2,2,4), Ç (3,2,1).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ç (3,–1,2), ë (2,0,–4), AB
→

= 3i
→

– 2j
→

+

+ 5k
→

. ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ÚÓ˜ÍË Ä, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä,

‚) ‰ÎËÌÛ ‚˚ÒÓÚ˚, ÓÔÛ˘ÂÌÌÓÈ ËÁ ‚Â¯ËÌ˚ Ä.

3. Ñ‡Ì˚ ÒËÎ˚ F
→

1 = (4,–2,–1) Ë F
→

2 = (–2,2,1) ÔËÎÓÊÂÌÌ˚Â Í ÚÓ˜-

ÍÂ Ä (–4,2,1). éÔÂ‰ÂÎËÚ¸ ‚ÂÎË˜ËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚

ÏÓÏÂÌÚ‡ ‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘ÂÈ ˝ÚËı ÒËÎ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË

é (–3,–1,2).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,2,1), n
→

= (2,1,1), p
→

= (1,1,2)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (2,1,2) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (4,3,2),

Ä2 (7,0,0), Ä3 (3,–1,4), Ä4 (6,3,4).

17 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= AD
→

– 3BC
→

, ÂÒ-

ÎË Ä (7,–5,5), Ç (3,1,1), ë (1,4,1), D (1,3,7).

2. Ñ‡Ì Ô‡‡ÎÎÂÎÓ„‡ÏÏ ABCD: Ä (3,0,–5), Ç (2,–5,1), ë (3,2,5).

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ˜ÂÚ‚fiÚÓÈ ‚Â¯ËÌ˚, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ

Ä, ‚) ÔÎÓ˘‡‰¸ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, „) ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ AB
→

Ì‡ ‚ÂÍ-

ÚÓ BC
→

.

3. Ñ‡Ì˚ ‰‚Â ÒËÎ˚ F
→

1 = (–1,3,2), F
→

2 = (5,4,2) ÔËÎÓÊÂÌÌ˚Â Í Ó‰-

ÌÓÈ ÚÓ˜ÍÂ. Ç˚˜ËÒÎËÚ¸ ‡·ÓÚÛ, ÍÓÚÓÛ˛ ÔÓËÁ‚Ó‰ËÚ ‡‚ÌÓ‰ÂÈÒÚ-

‚Û˛˘‡fl ˝ÚËı ÒËÎ, ÍÓ„‰‡ ÚÓ˜Í‡ ÔËÎÓÊÂÌËfl, ‰‚Ë„‡flÒ¸ ÔflÏÓÎË-

ÌÂÈÌÓ, ÔÂÂÏÂ˘‡ÂÚÒfl ËÁ ÔÓÎÓÊÂÌËfl Ä (5,–3,1) ‚ ÔÓÎÓÊÂÌËÂ

Ç (6,–2,2).
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4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,3,2), n
→

= (2,1,3), p
→

= (3,2,1)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (5,6,1) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (3,5,3),

Ä2 (3,–1,–6), Ä3 (6,4,–1), Ä4 (5,3,–1).

18 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ‰ÎËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= 3m
→

+

+ n
→

– p
→

, ÂÒÎË m
→

= (7,–1,5), n
→

= (–10,5,–7), p
→

= (10,2,5).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ä (3,–2,5), AB
→

= 3i
→

+ 2j
→

– 2k
→

, BC
→

=

= i
→

+ 2j
→

– 4k
→

. ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ‚Â¯ËÌ Ç Ë ë, ·) ÔÓÂÍˆË˛

‚ÂÍÚÓ‡ AC
→

Ì‡ ‚ÂÍÚÓ BC
→

, ‚) ÔÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë, „) Û„ÓÎ

ÔË ‚Â¯ËÌÂ Ä.

3. ç‡ÈÚË ÏÓÏÂÌÚ ÒËÎ˚ F
→

= (2,0,2), ÔËÎÓÊÂÌÌÓÈ Í ÚÓ˜ÍÂ

Ä (3,–2,0) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË é (1,2,–1).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (2,4,3), n
→

= (1,2,4), p
→

= (3,5,7)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (3,5,2) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (4,4,1),

Ä2 (5,5,1), Ä3 (8,3,–3), Ä4 (7,1,1).

19 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ‚ÂÍÚÓ‡ c
→

= (2,y,z), ÂÒÎË ÓÌ ÍÓÎÎËÌÂ‡ÂÌ ‚ÂÍÚÓÛ AB
→

, „‰Â

Ä (2,3,1), Ç (3,2,2).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ç (4,3,1), ë (0,2,1), AB
→

= 2i
→

– 5j
→

+ k
→

.

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ÚÓ˜ÍË Ä, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä, ‚) ‰ÎËÌÛ

‚˚ÒÓÚ˚, ÓÔÛ˘ÂÌÌÓÈ ËÁ ‚Â¯ËÌ˚ Ä.

3. Ñ‡Ì˚ ÒËÎ˚ F
→

1 = (3,–3,–2) Ë F
→

2 = (0,2,–1), ÔËÎÓÊÂÌÌ˚Â Í

ÚÓ˜ÍÂ Ä (3,–1,1). éÔÂ‰ÂÎËÚ¸ ‚ÂÎË˜ËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ÏÓÏÂÌÚ‡ ‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘ÂÈ ˝ÚËı ÒËÎ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË

é (1,0,2).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (3,1,2), n
→

= (4,5,3), p
→

= (2,2,4)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (8,5,3) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.
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5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (4,–4,4),

Ä2 (7,1,2), Ä3 (3,0,6), Ä4 (6,4,6).

20 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= AC
→

– 3BD
→

, ÂÒ-

ÎË Ä (3,4,–1), Ç (4,–3,2), ë (2,2,3), D (2,–2,3).

2. Ñ‡Ì Ô‡‡ÎÎÂÎÓ„‡ÏÏ ABCD: Ä (6,–2,1), Ç (3,–4,1), ë (4,0,2).

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ˜ÂÚ‚fiÚÓÈ ‚Â¯ËÌ˚, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ

Ä, ‚) ÔÎÓ˘‡‰¸ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, „) ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ AB
→

Ì‡ ‚ÂÍ-

ÚÓ BC
→

.

3. Ñ‡Ì˚ ‰‚Â ÒËÎ˚ F
→

1 = (6,4,3), F
→

2 = (–3,1,1), ÔËÎÓÊÂÌÌ˚Â Í Ó‰-

ÌÓÈ ÚÓ˜ÍÂ. Ç˚˜ËÒÎËÚ¸ ‡·ÓÚÛ, ÍÓÚÓÛ˛ ÔÓËÁ‚Ó‰ËÚ ‡‚ÌÓ‰ÂÈÒÚ-

‚Û˛˘‡fl ˝ÚËı ÒËÎ, ÍÓ„‰‡ ÚÓ˜Í‡ ÔËÎÓÊÂÌËfl, ‰‚Ë„‡flÒ¸ ÔflÏÓÎË-

ÌÂÈÌÓ, ÔÂÂÏÂ˘‡ÂÚÒfl ËÁ ÔÓÎÓÊÂÌËfl Ä (0,2,1) ‚ ÔÓÎÓÊÂÌËÂ

Ç (1,3,2).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,2,4), n
→

= (3,6,8), p
→

= (2,1,–1)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (4,2,2) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (–2,0,4),

Ä2 (–3,–3,3), Ä3 (–3,2,–3), Ä4 (1,–3,1).

21 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ‰ÎËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= 3m
→

–

– 4n
→

+ 2p
→

, ÂÒÎË m
→

= (2,1,3), n
→

= (0,1,1), p
→

= (–3,0,–2).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ä (4,–3,1), AB
→

= j
→

+ 2k
→

, BC
→

= i
→

– k
→

.

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ‚Â¯ËÌ Ç Ë ë, ·) ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ AC
→

Ì‡ ‚ÂÍÚÓ BC
→

, ‚) ÔÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë, „) Û„ÓÎ ÔË

‚Â¯ËÌÂ Ä.

3. ç‡ÈÚË ÏÓÏÂÌÚ ÒËÎ˚ F
→

= (2,1,–2), ÔËÎÓÊÂÌÌÓÈ Í ÚÓ˜ÍÂ

Ä (–5,2,–6) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË é (1,–1,3).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,2,5), n
→

= (1,–3,–7), p
→

= (1,4,8)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (4,–4,–7) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (4,0,5),

Ä2 (1,1,1), Ä3 (3,4,0), Ä4 (–1,5,6).
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22 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ‚ÂÍÚÓ‡ c
→

= (x,y,–1), ÂÒÎË ÓÌ ÍÓÎÎËÌÂ‡ÂÌ ‚ÂÍÚÓÛ AB
→

, „‰Â

Ä (2,1,3), Ç (1,1,1).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ç (5,–3,1), ë (–3,2,0), AB
→

= 3i
→

– 4j
→

+

+ 4k
→

. ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ÚÓ˜ÍË Ä, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä,

‚) ‰ÎËÌÛ ‚˚ÒÓÚ˚, ÓÔÛ˘ÂÌÌÓÈ ËÁ ‚Â¯ËÌ˚ Ä.

3. Ñ‡Ì˚ ÒËÎ˚ F
→

1 = (4,2,–3) Ë F
→

2 = (–4,–1,2), ÔËÎÓÊÂÌÌ˚Â Í

ÚÓ˜ÍÂ Ä (4,2,–3). éÔÂ‰ÂÎËÚ¸ ‚ÂÎË˜ËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ÏÓÏÂÌÚ‡ ‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘ÂÈ ˝ÚËı ÒËÎ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË

é (2,2,–1).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (2,3,1), n
→

= (–1,2,–2), p
→

= (1,2,1)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (2,–2,1) ÔÓ ‚ÂÍÚÓ‡Ï

m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (–5,3,–2),

Ä2 (7,1,2), Ä3 (4,5,–1), Ä4 (3,3,5).

23 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= 4AB
→

– 2CD
→

, ÂÒ-

ÎË Ä (5,1,0), Ç (7,0,1), ë (2,–1,4), D (5,–5,3).

2. Ñ‡Ì Ô‡‡ÎÎÂÎÓ„‡ÏÏ ABCD: Ä (0,3,1), Ç (–2,0,4), ë (6,–3,1).

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ˜ÂÚ‚fiÚÓÈ ‚Â¯ËÌ˚, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ

Ä, ‚) ÔÎÓ˘‡‰¸ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, „) ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ AB
→

Ì‡ ‚ÂÍ-

ÚÓ BC
→

.

3. Ñ‡Ì˚ ‰‚Â ÒËÎ˚ F
→

1 = (4,2,–3), F
→

2 = (1,3,2) ÔËÎÓÊÂÌÌ˚Â Í Ó‰-

ÌÓÈ ÚÓ˜ÍÂ. Ç˚˜ËÒÎËÚ¸ ‡·ÓÚÛ, ÍÓÚÓÛ˛ ÔÓËÁ‚Ó‰ËÚ ‡‚ÌÓ‰ÂÈÒÚ-

‚Û˛˘‡fl ˝ÚËı ÒËÎ, ÍÓ„‰‡ ÚÓ˜Í‡ ÔËÎÓÊÂÌËfl, ‰‚Ë„‡flÒ¸ ÔflÏÓÎË-

ÌÂÈÌÓ, ÔÂÂÏÂ˘‡ÂÚÒfl ËÁ ÔÓÎÓÊÂÌËfl Ä (3,0,–4) ‚ ÔÓÎÓÊÂÌËÂ

Ç (4,1,–3).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,2,1), n
→

= (2,–1,3), p
→

= (3,–1,4)

ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (5,1,6) ÔÓ ‚ÂÍÚÓ‡Ï m
→

,

n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (1,4,1),

Ä2 (3,1,1), Ä3 (3,4,–1), Ä4 (1,1,7).
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24 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ‰ÎËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡ ‡
→

= 6m
→

–

– n
→

+ p
→

, ÂÒÎË m
→

= (0,1,1), n
→

= (1,–2,–8), p
→

= (3,–2,0).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ä (4,–2,–1), AB
→

= 4i
→

– 5j
→

+ k
→

,

BC
→

= 3i
→

– 5j
→

+ 4k
→

. ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ‚Â¯ËÌ Ç Ë ë, ·) ÔÓ-

ÂÍˆË˛ ‚ÂÍÚÓ‡ AC
→

Ì‡ ‚ÂÍÚÓ BC
→

, ‚) ÔÎÓ˘‡‰¸ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÄÇë,

„) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä.

3. ç‡ÈÚË ÏÓÏÂÌÚ ÒËÎ˚ F
→

= (1,–3,2), ÔËÎÓÊÂÌÌÓÈ Í ÚÓ˜ÍÂ

Ä (–1,6,6) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË é (3,0,–2).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (1,2,3), n
→

= (–2,3,–2), p
→

=

= (3,–4,–5) ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (6,20,6) ÔÓ

‚ÂÍÚÓ‡Ï m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (5,1,0),

Ä2 (7,1,1), Ä3 (5,5,3), Ä4 (2,1,4).

25 ‚‡Ë‡ÌÚ

1. ç‡ÈÚË ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛ-

Ò˚ ‚ÂÍÚÓ‡ c
→

= (8,y,z), ÂÒÎË ÓÌ ÍÓÎÎËÌÂ‡ÂÌ ‚ÂÍÚÓÛ AB
→

, „‰Â

Ä (1,2,4), Ç (5,1,2).

2. Ñ‡Ì ÚÂÛ„ÓÎ¸ÌËÍ ÄÇë: Ç (5,6,–3), ë (3,1,1), AB
→

= 3i
→

+ 3j
→

– 2k
→

.

ç‡ÈÚË: ‡) ÍÓÓ‰ËÌ‡Ú˚ ÚÓ˜ÍË Ä, ·) Û„ÓÎ ÔË ‚Â¯ËÌÂ Ä, ‚) ‰ÎËÌÛ

‚˚ÒÓÚ˚, ÓÔÛ˘ÂÌÌÓÈ ËÁ ‚Â¯ËÌ˚ Ä.

3. Ñ‡Ì˚ ÒËÎ˚ F
→

1 = (2,1,–3) Ë F
→

2 = (1,–2,1) ÔËÎÓÊÂÌÌ˚Â Í ÚÓ˜-

ÍÂ Ä (3,1,1). éÔÂ‰ÂÎËÚ¸ ‚ÂÎË˜ËÌÛ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚

ÏÓÏÂÌÚ‡ ‡‚ÌÓ‰ÂÈÒÚ‚Û˛˘ÂÈ ˝ÚËı ÒËÎ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË

é (1,2,3).

4. èÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ˚ m
→

= (8,1,–4), n
→

= (3,1,–1),

p
→

= (–6,–1,3) ÌÂÍÓÏÔÎ‡Ì‡Ì˚, Ë ‡ÁÎÓÊËÚ¸ ‚ÂÍÚÓ ‡
→

= (2,1,–2) ÔÓ

‚ÂÍÚÓ‡Ï m
→

, n
→

, p
→

.

5. Ç˚˜ËÒÎËÚ¸ Ó·˙fiÏ ÔË‡ÏË‰˚ Ä1Ä2Ä3Ä4, ÂÒÎË Ä1 (6,1,5),

Ä2 (1,–1,6), Ä3 (4,5,–2), Ä4 (–1,3,0).
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34

1 cosα = 1 cosα = 

1 cosβ = 2 cosβ = 

cosγ = cosγ = 

2 A (0,6,–7), cosA ≈ 0,9, 2 D (3,–7,2),

h = cosA ≈ –0,74,

S = 

Ô
Çë
→ AB

→ 
= 

3 |M
→

| = 3 A = 9

cosα = 

cosβ = 

cosγ = 

4 ‡
→ 

= m
→ 

– 2n
→ 

+ p
→

4 ‡
→ 

= 3m
→ 

+ 2n
→ 

+ p
→

5 V = 17 5 V = 

3 1 |‡
→

| = 4 1 cosα = – ,
1
32 2 ,

77
6

7
3 17

10
3 17

– ,
2

3 17

9 17,

–
14

3 2

2 41,

1077
77

3
14

–
1
3

– ,
2
14– ,

1
3

– ,
1
14

1
3

,
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cosα = cosβ = 

3 1 cosβ = 4 1 cosγ = 

cosγ = 0

2 B (6,–7,–6) 2 A (0,0,1),

C (9,–11,–7) cosA = 

Ô
Çë
→ AC

→ 
= h = 

S = 

cosA ≈ 0,995

3 M
→ 

= (10,–2,11) 3 |M
→

| = 

cosα = 

cosβ = 0,

cosγ = 

4 ‡
→ 

= 4 ‡
→ 

= 4m
→ 

– n
→

– p
→

5 V = 5 V = 8107
3

  

1
2

1
3

1
4

r r r
m n p+ –

–
1
2

1
2

,

15 2 ,

17
2

,

4 30
59

49
26

,

– ,
1
11

1
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2
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1 cosα = 1 |‡
→

| = 

5 cosβ = 6 cosα = 

cosγ = cosβ = 

cosγ = 

2 D (5,1,3), 2 B (7, –2,0),

cosA ≈ 0,55, C (13,–4,5),

S = Ô
Çë
→ AC

→ 
= 

Ô
Çë
→ AC

→ 
= S = 

cosA ≈ 0,9

3 A = 14 3 M
→ 

= (–12,–24,8)

4 ‡
→ 

= m
→ 

+ 2n
→ 

+ 3p
→

4 ‡
→ 

= 

5 V = 5 V = 2

1 cosα = 1 cosα = 

7 cosβ = 8 cosβ = 
1

3 2
,– ,

3
17

1
3 2

,
2
17

,

53
6

  

1
2

1
4

1
2

r r r
m n p+ –

2 10 ,30
3

120
65

,230 ,

1
11

3
11

,
1
6

1
11

,–
2
6

2 11,1
6

,
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1 cosγ = 1 cosγ = 

7 2 A (–2,0,4), 8 2 D (2,1,4)

cosA ≈ 0,95, cosA ≈ 0,9, S = 12,

h = Ô
Çë
→ AC

→ 
= 

3 |M
→

| = 3 A = 12

cosα = 

cosβ = 

cosγ = 

4 ‡
→ 

= 4 ‡
→ 

=

5 V = 4 5 V = 

1 |‡
→

| = 1 cosα = 

9 cosα = 10 cosβ = 

cosβ = 0, cosγ = 

cosγ = 
1
5

–
1
3

– ,
1
3

2
5

,

– ,
1
3

2 5,

32
3

  
– –

1
5

9
2

57
10

r r r
m n p+

  

2
3

1
3

2
3

r r r
m n p– +

1
11

3
11

,

1
11

,

11,

12
5

3 13
29

–
4

3 2
2
17
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9 2 B (7,–4,0), 10 2 A (2,–3,2), cosA ≈ 0,2,

C (14,–4,–4), h = 

Ô
Çë
→ AC

→ 
= 

S = 

cosA ≈ 0,95

3 M
→ 

= (–9,0,–6) 3 |M
→

| = 

cosα = 

cosβ = 

cosγ = 0

4 ‡
→

= 4 ‡
→

= 2m
→ 

– n
→

+ 3p
→

5 V = 8 5 V = 4

1 cosα = 1 |‡
→

| = 

11 cosβ = 12 cosα = 

cosγ = 0 cosβ = 0,

cosγ = 
1
2

1
2

,– ,
1
17

15 2 ,
4
17

,

  

8
7

1
7

3
7

r r r
m n p– –

– ,
1
2

– ,
1
2

2 ,

754
2

,
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65

,
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11 2 D (–2,4,0), 12 2 B (–3,3,3),

cosA ≈ 0,4 C (0,0,2),

S = Ô
Çë
→ AB

→ 
= 

Ô
Çë
→ AB

→ 
= S = 

cosA ≈ –0,28

3 A = 2 3 M
→ 

= (–22,33,0)

4 ‡
→ 

= 3m
→ 

– n
→

4 ‡
→ 

= –4m
→ 

– 2n
→ 

+ 2p
→

5 V = 14 5 V = 22

1 cosα = 0, 1 cosα = 

13 cosβ = 14 cosβ = 0,

cosγ = cosγ = 

2 A (–2,1,–1), 2 D (4,11,–7),

cosA ≈ 0,75, cosA ≈ –0,88,

h = S = 

Ô
Çë
→ AB

→ 
= 

3 |M
→

| = 3 A = 133 3,

–
65
54

1283,514
35

3
13

1
2

1
2

,

2
13

,

46
2

,13
7

12
19

,1105,
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13 3 cosα = 14 3

cosβ = 

cosγ = 

4 ‡
→ 

= 3m
→ 

+ 8n
→ 

+ 13p
→

4 ‡
→ 

= m
→ 

+ n
→ 

+ p
→

5 V = 13 5 V = 

1 |‡
→

| = 1 cosα = 

15 cosα = 16 cosβ = 0,

cosβ = cosγ = 

cosγ = 

2 B (6,–6,2), 2 A (0,1,–3), cosA ≈ 0,2,

C (9,–8,2), h = 

Ô
Çë
→ AC

→ 
= 

S = 

cosA ≈ 0,97

77
2

,

27
806

,

219
38

–
1
3

3
10

1
3

,

– ,
1
3

– ,
1
10

3,

57
6

–
1
3

– ,
1
3

– ,
1
3
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15 3 M
→ 

= (–16,–10,–18) 16 3 |M
→

| = 

cosα = 0,

cosβ = 

cosγ = 

4 ‡
→ 

= 4 ‡
→ 

= 

5 V = 9 5 V = 

1 cosα = 0, 1 |‡
→

| = 

17 cosβ = 18 cosα = 

cosγ = cosβ = 0,

cosγ = 

2 D (4,7,–1), 2 B (6,0,3),

cosA ≈ –0,19, C (7,2,–1),

S = Ô
Çë
→ AC

→ 
= 

Ô
Çë
→ AC

→ 
= S = 33,–

12
66

36
21

,2 987,

3
10

2
5

1
10

,– ,
1
5

10 ,

29
3

  
–

1
4

3
4

3
4

r r r
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–

2
5

3
5

3
5
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–
3
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17 3 18 3 cosA = 

A = 15 M
→ 

= (–8,–2,8)

4 ‡
→ 

= m
→

– n
→

+ 2p
→

4 ‡
→ 

= m
→

– 2n
→

+ p
→

5 V = 2 5 V = 4

1 cosα = 1 cosα = 

19 cosβ = 20 cosβ = 

cosγ = cosγ = 

2 A (2,8,0), cosA ≈ 0,77, 2 D (7,2,2),

h = cosA ≈ –0,72,

S = 

Ô
Çë
→ AC

→ 
= 

3 |M
→

| = 3 A = 12

cosα = 

cosβ = 

cosγ = 
1
14

3
14

,

2
14

,

14 ,

–
11

3 2

113,

501
17

5
3 10

1
3

– ,
7

3 10
– ,

1
3

4
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,
1
3

,
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19 4 ‡
→ 

= 2m
→ 

+ n
→

– p
→

20 4 ‡
→ 

= 3m
→ 

– n
→

+ 2p
→

5 V = 5 V = 11

1 |‡
→

| = cosα = 0, 1 cosα = 

21 cosβ = 22 cosβ = 0,

cosγ = cosγ = 

2 B (4,–2,3), 2 A (2,1,–3),

C (5,–2,2), cosA ≈ –0,2,

Ô
Çë
→ AC

→ 
= 0, S = h = 

cosA ≈ 0,77

3 M
→ 

= (3,–30,–12) 3 |M
→

| = 

cosα =

cosβ = 

cosγ = 

4 ‡
→ 

= 3m
→

+ 2n
→

– p
→

4 ‡
→ 

= 2m
→

–2n
→

– 3p
→

5 V = 5 V = 107
3

121
6

1
3

1
3

,

1
3

,

2 3,

77
5

6
2

,

–
2
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1
2
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3
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1 cosα = 1 |‡
→

| = 

23 cosβ = 24 cosα = 

cosγ = cosβ = 

cosγ = 

2 D (8,0,–2), 2 B (8,–7,0),

cosA ≈ –0,38, C (11,–12,4),

S = Ô
Çë
→ AC

→ 
= 

Ô
Çë
→ AC

→ 
= S = 

cosA ≈ 0,97

3 A = 9 3 M
→ 

= (36,16,6)

4 ‡
→ 

= m
→

– n
→

+ 2p
→

4 ‡
→ 

= 8m
→

+ 4n
→

+ 2p
→

5 V = 4 5 V = 

1 cosα = 

25 cosβ = 

cosγ = –
2
21

– ,
1
21

4
21

,

22
3

419
2

,–
16
82

19
5 2

,6 43,

–
1
6

1
6

,
3
14

2
6

,
2
14

,

2 61
14
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2 A (2,3,–1),

cosA ≈ 0,5,

h = 

25 3 |M
→

| = cosα = 0,

cosβ = 

cosγ = 

4 ‡
→ 

= –5m
→

– 2n
→

– 8p
→

5 V = 58
3

1
5

– ,
2
5

5,

149
45
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