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BBengenue

JIuCKpeTHBIE OPTOTOHAIBHBIE MPE0oOPa30BaHMsI HAIIUIM IIUPOKOE TPUMEHEHHUE B CHCTE-
Max KOJIJIEKTUBHOTO JocTyma, Takux, kak TDMA, FDMA, MC-CDMA, OFDM. B stux cu-
CTeMax TepeaBacMble CUTHANIBI SBIISTFOTCS CyMMaMU HEKOTOPOTO YrciIa Oa3UCHBIX CUTHAJIOB
13 HEKOTOPOTO OPTOTOHAIBHOTO CUTHAJILHOTO 0asuca (Hampumep, neinbra-GyHknuii B TDMA,
tpuronomerpudecknx B FDMA nu OFDM wm ¢pynkuuu Yomnma 8 MC-CDMA). C Teopern-
YEeCKOM TOYKHU 3pEHHS HET OCOOBIX OrpaHHUYCHHI Ha HMCIOJIb30BAHUE MPOU3BOJIBHBIX 0a3HC-
HBIX (YHKIHH. TelIeKOMMYHUKAITMOHHBIE CUCTEMBI, B KOTOPBIX HCIIONB3YIOTCS Takue Oa3uc-
Hele ¢QyHkiuu Oynem HassiBaTh GOFDM-cucremamu (Generalized Orthogonal frequency-
division multiplexing — MyJIbTHIIZIEKCHPOBAHUE C OPTOTOHAIBHBIM OOOOIICHHBIM YaCTOTHBIM
paznenenueM kaHanoB). Takum o6pazom, B GOFDM-cuctemax MOryT MCIOJIB30BaThCA MPO-
U3BOJIBHBIC OPTOTOHAJIbHBIC 0A3MCHBIC CUTHAJIBI.

ITycts C:(CO,Cl,...,CNfl)le':'1 — N -mepnbiit BxopHoit Bektop B GOFDM-—cucreme
(puc. 1), rme CieZ/mZ={O,l,2,...,m—l}, i=0,1..,N-1. IlepenaBaemsiii GOFDM-

CUTHAJ SIBJISIETCS KOMIUIEKCHO-3HAUYHOM (pyHKLIMEN Buaa

N4 E
S (t) = eJmOtZS o (t) = eJmOtZCk(Pk t) (1)
k=0 k=0
rae =91 =ei?"m ¢ =¢° (re. € e{eo,sl,...,am_l}) u {g; (t)}:i;l —  OPTOHOPMHPOBAHHEIA

0a3uc KOMILJIEKCHO-3HAYHBIX CUTHAJIOB.
ITociemoBaTenbHOCTE C = (60,61, ...,GN_l) Ha3bIBACTCSI M -apHBIM KOJOBBIM CIIOBOM. J[Jist

M=2 uMeeT MecTo OWHApHAas MOJIYJSIH, MPOU3BOASAIIAS OWHAPHEIC (il) — GOFDM-

KOAOBKBIC CJIOBA. I[J'If[ M=4 umeeT MecCTO YCTBCPpUYIHAA MOIAYJIALWA, MIPOU3BOAANIAA YCTBC-

puunble GOFDM—xkonoBsie cnoBa. s knaccuueckoit OFDM 6asuchble GpyHKIMU — 00bIU-

i(kam)t

Hble rapMOHHYecKue curuaisi @, (t) = e’ . B aTom cnyuae Boipaxenue (1) npeacrasisier

coboit quckperHoe npeodpazoBanue Oypre (II1D):

N-1

N4l . ON- ) )
5. (1) =1 Y g%, () = > g el = g el 2)
k=0 k=0 k=0

wy+kAo)t

Bnece N dynkumit @, (t)=e’( OPTOrOHAILHBl Ha HHTEPBAJIE '[6[0,271:/ A(D].

06brar0 N = 2" — cTenens IBOIKH, TOCKONBKY B 3TOM CITydae MOKHO HCIIOJIb30BaTh OBICT-
poe JAI1®. Ins TDMA GazucHble GyHKIUSAMU SBISIOTCS AenbTa-pyHKuuu Jupaka.

Cucrema MC-CDMA ornmyaercss oT Bbllle omucaHHBIX Kiaccmueckux OFDM u
TDMA cuctem Tem, 4TO B HEHl BMECTO TapMOHMYECKMX CUTHAJIOB WM JiesbTa-QpyHKuui [lu-
paka UCTONB3yIOTCS QYHKIUK YOJIIIa U COOTBETCTBYIOIIEE UM TUCKPETHOE MPEoOpa3oOBaHHe
Yomma:
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Puc. 1. biiok-cxema GOFDM.

B aroit pabote MbI ipeiaraem ucnoib3oBath B GOFDM-crucreMe B kauecTBe MOIHE-

CYIIUX CHTHAIIOB {Q, (t)}it ;1 5701

MHOTOIIapaMeTPUIECKOT0 U ApoOHOro mpeodpazoBanuii dypee, Yomma u BeliBner-Xaapa.

MHOTOnapameTpuueckne 6asucHsie GyHkumn {o,(t]o,,0,,...a,)}

IIpn mIaBHOM H3MEHEHUU napaMeTpOB(ocl,ocz,...,ocm) MeHsATCS 0a3ucHble (QYHKINH, U

Been] 3a HUMU Oynet m3mensTbess GOFDM-cucrema, npuHIMast OOJIMK U CBOWMCTBA JIFOOOU U3
BBIIII€ HA3BAHHBIX CUCTEM.

J/IpoOHOe 1 MHOrOnapamMmeTpu4ieckoe npeodpasosanus ®@ypoe

Wnes o npobHbIX creneHsx oneparopa dypre mosiBUIACh B MaTEMAaTUYECKON JIUTEpa-
type B Hagane XX Beka (Wiener,1929; Condon, 1937). B 1937 rony B patore E. Konmona
(Condon, 1937) ObLIO BHEpBbIE MPEIIOKEHO TaK HasbiBaeMoe APOOHOE MpeoOpa3oBaHHE
®ypse ([plId) ans pemenns 3anad kBaHToBoM MexaHuku. [lo3xke, B 1961 rogy B. baprmann
(Bargmann, 1961) nan Gosiee TOUHOE OMpEACTICHUE 3TOr0 MPeoOpa3oBaHusi, OCHOBAHHOE Ha

mHorowieHax dpmura. Ecmn H | (\/ 271:'[) — MHOTOYIEHBI DpMHTa TopsaKa N, To QyHKIUU:
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¥, (t)= JZ“_ H, (Vart)e™, n=0,12,.. 4)

— CyTh coOCTBeHHBIE HyHKIUM peobpazoBanus Pypre: F [‘Pn (t):| =AY, (co) COOTBET-

n o
CIBYIOIIME COOCTBEHHBIM 3HA4eHHSM A, =1 . OHH (OPMHpPYIOT OPTOTrOHAIBHBIA HAGOP

o o t2
GyHKIMA Ha HHTEpBaje (— oo,oo) OTHOCHTENILHO BeCOBOH (QPYHKIMU € , HOCKOJIBKY

(W, (O], (1) = [P, (1), (t)dt =35, (5)
OueBuHO, npeo6pasoBaHH§ ®dypbe UMeeT CIIeYIoIIee COOCTBEHHOE PA3IOKEHHE

=[o,®)]: {Ze S n(t)}[ei“"]. (6)

Cornacuo B. baprmanny JpIl® F“ onpenenserca dyepes ero coOCTBEHHbIE (PYHKIUH Cle-
JYIOLIMM 00pa3oM:

9 <[ (t1)]=| Ze' T, ()9, (0 —GTLQS%"Si"@
F=[0,(tla {e“ (o) nt} x
sinnza

Jntg( jm —2ot csc(mo)+t
x| e 2 ( )

()

rae @, (t]o) —smpo JIpIld, a ¥, (t) ero coGeTBEHHBIE (YHKIMH, COOTBETCTBYIOUHE HOBBIM
j@an
COOCTBEHHBIM 3HAa4YeHWsIM A, =€ *  (crapple COOCTBCHHBIC 3HAUCHWUS, BO3BEICHHEHIC B

npo6uyro crenens o). st a=1 @, (t|1)=e’" u JIplId npuHMMacT 06IHK KIACCHUECKOTO

npeoOpaszoBanust Oypwe. [Ipy o =0 0HO BBIpOXKIAETCA B TOXKJIECTBEHHOE IPeoOpa3oBaHUeE.
Taxkum 06pa3zom, IpH HENpepbIBHOM M3MeHeHuH napamerpa o JplI® miaBHO MeHseT 00JIMK
OT TOXJIECTBEHHOr0 IpeoOpa3oBaHUs 0 0ObIYHOro mpeodpazoBanus Pypre, a GOFDM-

V) N-1
cucTeMa, B KOTOPOil B KauecTBE CHTHANIOB {(; (t)}i:0 UCIIONB3YIOTCSl Oa3UCHBIE CHUTHAIBI

@, (t,a), npespamaercs 3 FDMA B TDMA . Tlpi a.=0,5 cucrema mpeacraBisier coGoit

y’K€ HEKOTOPBIA TMOpUA 00€UX 3TUX CHCTEM.

IIpumeuanue 1. B 1980 r. B. Hamuac 3aHoBO OTKphUT ApoOHOE TpeoOpazoBaHue
dypre (Namias, 1980). B cBoeii paboTte, MOCBSIICHHON HCIOIb30BaHHIO ApoOHOTrO 1D st
pelIeHnsT HEKOTOPhIX 3a/]ay, CBS3aHHBIX ¢ KBAHTOBBIMH FApPMOHMYECKUMH KOJeOaHUSIMU, OH
NIPEJICTaBUII ONIEPAIMOHHOE UCYHCIICHNE ITOTO ITpeodpa3oBanus. Ero moaxos ObUT pacimpeH
Mak Bpaiinom u Keppom B 1987 r. (McBride, Kerr, 1987). ITozxe, B 1993 r. X. O3akrac u [l.
MenaoBrY mpeutokKmIN 1podHoe npeodpasoanue B ontuke (Ozaktas, Mendlovic, 1993).
Ha cerognsmnuii aenp npo6noe [1® Hamo mupokoe NPUMEHEHHE B Pa3HBIX OOJIACTSIX
Hayku u Texauku (Ervin et al., 2011).

KosnuuecTBo cBO60HBIX mapameTpos y dpll® F* MoXkHO yBelIMYuTh, Aenas Bce coo-
CTBEHHBIE 3HAYEHUS PA3TUYHBIMU

]:(ao’al ’’’’’ ) :[(Pw(tl(XO’a’l""!aN_l)il ::|:§ej24n°‘n\}1n ((D)\Pn (t):| (8)

n=0
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rae @, (t] o, 0, ..., 0Ly, ) — 1APO MHOTONApaMeTpUUeCcKoro npeodpasosanus Pypee, a W (t)
27
J*an
4 B
stom cirydae GOFDM-cucrema, Oyzer ocHalieHa MOHECYIITUMH, 3aBUCSIIIIMU HE OT OJTHOTO,

a OT HECKOJIBKUX T1apaMeTPoB @ (t | oy, 0y eey ocN_l).

€ro coOCTBEHHbIE (YHKLUH, COOTBETCTBYIOLIHE COOCTBEHHBIM 3HAUEHHUSAM A, =€

I[pOﬁHbIe H MHOTOnmapaMmeTpu4eCKue npeoﬁpasoBaHnﬂ Yoama

N-1

[Iycts F = [Fk (i)]k,tzo — npousBonbHOe auckpetHoe cummerpuanoe (N x N)-—

npeobpasoBanue, A, u ‘P, (t) — ero COOCTBEHHBIC 3HAYCHHS U COOCTBEHHBIE BEKTOPBHI, I
n=01,...,N—1. Ilycts

Pya(i) )
\J \ \

- Marpuiia, COCTaBJI€HHas W3 COOCTBEHHBIX BEKTOpOB JF -mpeoOpasoBanus. Torma
U FUU = Diag {Xn} MPEICTaBIseT COOOH COOCTBEHHOE pasjiokKEHHE IpeoOpa3oBaHUs

}":[Fk (I)]EI:O Cenosarensho, F =[F, (i)]=UAU™. Ecm a,..., 00y, — IPOM3BOID-

HBIC BCIICCTBCHHLIC YHCJId, TO BbIPAXKCHUC

Floo) = y{diag(ng,.... 10 ) U (10)
Ha30BeM MHO2Onapamempuieckum opooneim F — npeobpaszosanuem. Ecnu o, = a, Ui Bcex
i=0,1,...,N -1, To Takoe mpeoOpa3oBaHKUE HA30BEM OpOOHbLIM F — npeobpazosanuem.
J2[1
[Iycte W =— L

2
npeoOpa3oBanuem Youma. g )V, umeer MecTo COOCTBEHHOE PA3IOKEHHE:
211 1
)/\}2 = £ =
211 -1

=[COS(n/s) —Sin(n/S)MI —J{ cos(n/8) sin(n/8)}

1
_J, Tora W, =W, @W, ®...®9W, ssasercs (2n><2n)-

= 11

sin(n/8)  cos(n/8) —sin(n/8) cos(n/8) (1)
=cs, (n/8) D, (1,-1)cs, (1/8),

KOTOPOC MO3BOJIACT BBCCTHU CIICAYIOIICC ABYIIAPAMCTPUICCKOC HpCO6pa30BaHI/IC
W, (o, 0,) =cs, (/8)D, (0,0, )cs, (1/8) =

:[cos(n/S) —sin(n/8) Hezm }{ cos(n/8) sin(n/8)] (12)
sin(n/8)  cos(n/8) e’™2 || —sin(n/8) cos(n/8)

TeH30pHO TIepeMHOXasi ero N pas, mojy4aeM 2N-mapaMeTprueckoe npeodpasoBanue Y osima

V\é(nul'l’az'l;al‘z’az’z;m;ul’"’uz'n) = C;?)/Vz (al,i > Ui ) = H[ L. ®W, (al,i s Ui )® . :|s (13)

[Toncrasnss (12) B (13), momyyaem ObicTpoe ApoOHOE IpeoOpa3oBaHue Y omia
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n

szf]ul,l,az,l;al‘z,uz,z;~~»;0!1‘n,0tz,n) = é)yvz ((ll,i > Oy ) = H[ |2i—1 ® )/Vz ((Xl,i > Oy ; )® |2n,1:| =

n = n o (14)
::II[ITJOC%(R/SyDIylj{C?DZQMPGZJ [1[1,:®cs,(n/8)®1,. |

i=1 i=

KosnudectBo mapametpoB B BbipakeHuu (14) MOKHO yBenuuuTh ¢ 2N 10 2", HCOIB3ys BMe-

n
CTO JIMaroHaJbHOW MATPUIIBI TEH30PHOH CTPYKTYpHI | (X) D, (ali,aﬂ)} JTUArOHAJILHYIO MaT-
Li=1
puity obiero Buga ¢ 2" cBOOOAHBIMHU ITapaMeTPaMH [Dzn (al,az,...,azn )], 9TO JaeT HOBOE
2"-nmapameTrpuueckoe ApobOHOEe ObIcTpoe mpeobOpasoBanue Youla ¢ HepasaeIrMMOW JTHaro-
HaJIbHOW MaTpuIeh

P zn)

on

:lj[lz” ®cs, (1/8)® IZHJ[DZH (oy0t, .01, )HL[[IZH ®cs,(n/8)®1,,. |

i=1

(15)

[Tpu 11aBHOM M3MEHEHUH (al,az,...,azn) MHOTOITapaMeTpruecKoe npeodpa3oBaHue Y oua

((11,(12 sesll )
VVz" ?" mIaBHO MEHSET GOPMY OT TOXKJIECTBEHHOTO MPEOOPa30BaHM 10 KJIACCUYECKO-
ro npeodpasoBanus Youmia.

MHuoronapaMerpuueckue npeoopasopanusi Kpecrencona-Bujienknna

n n
Kak u mpeobpazoBanue Youia, npeodpasoBanue Kpecrencona-Buenkuna (m”xm”)

UMEeT TCH30PHYIO CTPYKTypy. Hampumep, miis m=3 sto npeoOpa3oBaHue 3a1aeTCsl CleIy-
IOIIUM 00pa3oM:

C, =C;0C;®...9C,, (16)
1 1 1 ]
J3 27 Ami
re C, = 1 e3 e3 | u® — cumBon renzopHoro npousseneHus. CoOCTBEHHOE pa3-
4ri 27
1 e3 e3 |
noxenne 1t Cg umeer Bux:
1 1 1] _
N 22 ani | |1 cos(d) —sin(0)
C3=? 1 ed3 e3d |= cos(z/4) —sin(z/4) || sin(8) cos(H) X
Al 270 sin(z/4) cos(z/4) 1
1 ed e3
1 cos(8) sin(0) 1
X -1 x| —sin(@) cos(#) cos(z/4) sin(z/4) |=
j 1 —sin(z/4) cos(z/4)
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rae Ry, R;,— MaTpuisl BpalieHus Ha yribl $72'/ 4,a Iflm, R1— Marpuisr Bpamenust Ha

1
yriel 16, szarctg («/5) COOTBETCTBEHHO. BBenem crnenymoliee TpexmapaMmeTpruyecKoe

npeoOpa3oBaHue

Cs(an, az,05) = R12Ro1 - Dy (a1,05,03) RgRyp =

1 _cos(e) —sin(6)

=|  cos(z/4) -sin(z/4) ||sin(®) cos(®) x gl x

sin(z/4)  cos(rz/4) 1 1573

cos(d)  sin(H) 1

x| —sin(@)  cos(0) cos(z/4) sin(z/4)|.

1 —sin(z/4)  cos(z/4)

TeH30pHO TIEpeMHOXkasi ero N pas, moiaydaem 3N-mapameTpudeckoe mpeodpazoBanue Kpe-
cTeHcoHa-BuieHkuHa:

L n

(011,021,031500 2,02 2,03 2 7301, 02,0,%3n) _ _
an =XCs (al,i'az,i’a&i ) =
i=1

n
= H|:I3i_1 ® C3 (alli y azli y 0{3’i ) ® I3n_i :|
i=1
CobOcTBEHHOE PAa3IOKECHUC 3TOTO Hp606pa30BaHI/I$I MMPpEACTaBIACTCA CICAYIOIIUM 06pa30M:

C(al,lva2,lva3,l;al,2 W2 2,03 215100 002,03 n)
3”

n J— —_
:q[lsil ®OR,, Ry @10 |%[ D3 (@11 @5, 25) ® ... ® D3 (4t 0 15,0 ) ¥

X

[ 154 ®RuRy, ® 1 |=

-

iR

ﬁ[|3i-1 ®R12 ® |3n—i :|><ﬁ|:|3i_1 ®Ro1 ® |3n_i ]x
=1 i1

><[D2 (0‘1,1'0‘2,1,053,1)(@---@ D, (alyn,azln,a&n )}x

xﬁ[|3i1 ORg Ol ]xﬁ[lsil ®R, ® 1, |
i=1 i=1

Kak u B mpeobpazoBanuu YoJia, KOJIMYECTBO MapaMeTpoOB B BhIpakeHHH (17) MOXKHO yBe-

(17)

mmauth ¢ 3N go 3", ucmomb3ys BMECTO  MATpPMIBI  TEH30PHOH  CTPYKTYpHI

D, (alyl,azll,a3’1)®...®D2 (“1,n10‘2,n10‘3,n) JMarOHATBHYI0 MaTpHIly 00mero Buaa ¢ 3"
CBOOOJIHBIMU TIApaMETPaAMHU D3n (al,az,...,a3n), YTO JIa€T HOBOE MHOIOMapamMeTpPUUYECKOe

n
(3" -mapamerpuueckoe) ObicTpoe npeobpazosanue KpecTeHcoHa-BuieHKMHA ¢ Hepas[enu-
MOW JMaroHajJbHOM MATPHULIECH:
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C(al,llaz,lla&l;al,zla2,21a3,21;---;0‘1,n @9 0,03 )

[Is, L ®R12Ru®I - ,][D3n(0¢1,a2,.. s

)hﬂ[[ |1 ®RoRy, ® 1, |=

1 ®RE® 1, | xlﬂ[[|3i_l OR0L® 1, |

- 1 ¢

i=1 i=1
X[Dsn(al,az,...,asnﬂx
xﬁ[l 1 ®Ry O }xlﬂ[[ _1®R12®|3n_i}

i=1 1=

[Ipy nmaBHOM M3MEHEHHUHM MapameTPOB (q1,051,031100 5,05 5,03 54310 A 1 O3 ) MHOIO-

C(a1,1102,1-053,1?0!1,2 /022,032 130 1,42 3 )

napameTpu4ecKoe mpeodpa3oBaHue IUTAaBHO MEHSI-

eT (opMy OT TOXJIECTBEHHOrO MpeoOpazoBaHusl 10 Kiaccuyeckoro mpeobOpaszoBanus Kpe-

cTeHcoHa-BuieHknHa.

/{poOHble 1 MHOTONIapaMeTpHYeCKUe BeliBeT-npeodpa3zoBanus Xaapa

[Mycte M= [M

(N xN) - mpeobpazoBanue. Chopmupyem jaBa npomsBeaeaus MM*™ u MM, toe «+» —
CHUMBOJI 3pMHUTOBA COIIPAKCHHA. Ot HpeO6paSOBaHI/I$I CUMMCTPUYHBI U, CJICOOBATCIIBHO,
UMEIOT  COOCTBCHHBIE  Pa3JIOKEHHS: MM =VDV", M M=WDW", rne

D =diag {(50,61,...,6,\,71}- JMaroHajgbHas MaTpUIla CHHTYJSAPHBIX yuced. Torma M umeer

-1
] o — TPOHM3BOJILHOE HECHMMETPHIHOE JINCKPETHOE obparumoe

CIIeIyIoIIee CUHTYIISIpHOE pasioxkenue M =VAW", roe

Wi (7) (18)

- MaTPUIIbI COOCTBEHHBIX BEKTOPOB IpeoOpazoBannii MM* u M* M, COOTBETCTBEHHO, U

A =D =diag {\[o,, [0, ..o 1 | = diag {hg, Dy Ry}

Ecimu Ogy..., 0y — HPOU3BOJBHBIC BEIICCTBECHHBIC YUCJIA, TO HpeO6p3.30BaHI/IC

(g smling) v - o, . +
M=y idiag (A, .. Ay )i W (19)
Ha30BeM mHozonapamempuyeckum M-npeobpazosanuem. Bocronb3yeMcs STUM pasokKeHH-
eM IS TMOJIY4YeHHs] MHOTOIIapaMeTpUUecKoro M IpoOHOro BelBieT-npeoOpa3zoBaHus Xaapa
(BIIX). BIIX Moxer ObITh OMpeAeNeHO C HCHOIb30BAHHUEM KJIACCHUYECKOTO IUCKPETHOTO
npeoOpazoBaHus Xaapa:

DWT,, = ]l[[(w2 ®1,. )@, ,..u]P (20)

on
i=1
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Na

roe W, =—
ne W, 5

1 1
L J — CyTh (2>< 2)—npeo6pa30BaHHe Yomura, P, — Tak HasbiBaemas mat-

pHlla «HICATBHOTO» IepeMelinBanus: P =H(I o P, ®1 ), a P, — omeparop «bit
S
swapy, 1.6. P, (iy,ip):=(iy,i,). Jns WV, umeer mecTo cobCTBEHHOE pasioKeHHE:
211 1
VVZ = £ =
21 -1

o st o i e
=cs, (n/8) D, (L-1)cs, (n/8),

KOTOPOE J1aeT COOCTBEHHOE Pa3IoKEHUE DWTZn :

(21)

n

DWIT,, =] ][ (cs, (n/8) D, (L-L)cs, (7/8)®1,,.) @1, s |-Py =

_ ﬁ[(csz(n/& ® 1, )@ 1, i }H[(DZ (L-1)®1,.)® |2n72m], 22)

i=1

Tnl[(csz (7/8)® 1,0, )@ 1, s |Ppo = VAW’

i=1

IToncrasiss B (22) BMecTo YV, BBIpakeHHE

W, (0‘190‘2) =Cs, (n/S) D, (OLI’OL2 )CSZ (n/S) -

| cos(n/8) —sin(n/8) | e*™ cos(n/8) sin(n/8) (23)
sin(n/8)  cos(n/8) e’ || —sin(r/8) cos(n/8) |
noxydaem 2N -napamerpudeckoe BITX
DWTz“(%'%;%’azz;m;%azn) =V A0y, 0 Oy gy} 0Oy ) - W

= lj[(csg (1/8)D, (o, ay; ) €S, (/) ® 1, )@ |2n72m} P, =
; “ (24)

- H[(CSZ (n/8)® IZ”" )@ |2"72”*‘*1]'H[( D, (ali’G’Zi)® Iz"*‘ )@ Izkz”"“].

i=1 i=1
[(CSZ (11;/8)® | )@ Iz”fzn—m]' PZ” =V A0y, 0y} 5 00 ) VT,
i1

Trac
n

V=T1[(cs.(v/8)®1,.)@1, . ],

i=1

W — ﬁ[(csz (1/8)®1,.)@1, i Py (25)

i=1

A0y, Oy} e} 0L 0Ly ) = ﬁ[( D, (ay,0,)®1,, )(—B Lo i }
i=1

KosnndecTBo mapameTpoB B BbIpakeHUH (25) MOKHO yBenu4uTh ¢ 2N 10 2", UCrosb3yst BMe-
CTO JAMATOHAJIBHOM MAaTPHULIBI TEH30PHOM CTPYKTYpPBI (D2 (ay,0,)®1 -~ ) JMarOHAJIBHYIO
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Marpuily oomiero Buaa ¢ 2" cBOOOAHBIMU HIapaMETPAMK [A ” ((1,10,2 coes Oy )], 4TO JaeT HOBOE

2"-napamerpuueckoe qpobHoe OpicTpoe BITX ¢ Hepa3aenumoil AuaroHaIbHOM MaTPHUIICH

DWE, ) 2. At 0 01,)- W =

2n

- ﬁ[(csz (v/8)® | )® | g i| PA (0, Oy Oy Oy ) - (26)

-l.l[[(cs2 (/8)®1,..)® Izum] P,.

[Ipu nnaBHOM U3MEHEHUU NApaMETPOB ((xl,ocz,...,(xzn) MHoronapamerpuyeckoe BITX

IUTABHO MEHSEeT (OpMY OT TOKIECTBEHHOT'O MPEoOpa3oBaHMs A0 KIIACCUYECKOTO BEHBIIET-
mpeoOpa3oBaHus Xaapa, YTO II03BOJIIET, BO-TIEPBBIX, BBECTH aJalTAallHOHHBIC CBOMCTBA B
CICKTPAJILHBIN aHall3 CHUTHAJIIOB W, BO-BTOPBIX, CO3JaTh MHoOromapameTpuyeckyro MC-
CDMA.
3akioueHne

[IpencraBieH CUCTEMATHUYECKHUH METOJ CHHTE3a MHOIOIAPAMETPHYECKHX CHMMET-
PUYHBIX ¥ HECHMMETPHYHBIX MpeoOpa3oBaHmii, 0a3uCHbIC PYHKIIMH KOTOPHIX MOTYT OBITh
UCIIOJIb30BaHbI B KauecTBe noaHecynmx B 0606mennsx OFDM u CDMA cucremax.
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YHUPUIIUPOBAHHBIN MMOAX0/I K KOMILIEMEHTAPHBIM
HHOCJVIEAOBATEJIBHOCTAM U ITIPEOBPA30OBAHUAM.
YACTD 1. MYJIBTUITAPAMETPUYECKHUE IPEOBPA3OBAHUA
TI'OJIEA-PYIUHA-ITAITUPO

KutoueBble cioBa: 0600uenHvle KOMNIEMEHMApHble NOC1e008aMeNbHOCHU, MHO20-
napamempuueckue npeoopasoeanus @ypwve-Iones-Pyouna-Lllanupo, TDMA, FDMA, MC-
CDMA, OFDM -menexommyHnukayuonrvle cucmemoi.

B nannoii paboTe MbI pa3pabaTbiBaeM HOBbIN YHU(ULIMPOBAHHBIN MOAXOJ K CHHTE3Y
TaK Ha3bIBa€MBIX 00OOIICHHBIX MocheaoBarenbHocTell ['ones-Pynuna-Illanupo. OH OCHOBBI-
BAETCs HA HOBOM UTEPALMOHHON F€HEPUPYIOLIEH KOHCTPYKLHUN.

UNIFIED APPROACH TO COMPLEMENTARY SEQUENCES AND
TRANSFORMS. PART 1. MULTIPARAMETRIC GOLAY-RUDIN-SHAPIRO
TRANSFORMS

Keywords: generalized complementary sequences, multiparameter Fourier-Golay-
Rudin-Shapiro transforms. TDMA, FDMA, MC-CDMA, OFDM-menexommynuxayuonmvie
cucmemal.

In this paper we develop a new unified approach to the so-called generalized Golay-
Rudin-Shapiro (GRS) sequences. It based on a new generalized iteration generating construc-
tion.

Introduction

The basis which has come to be known as the Golay-Rudin-Shapiro (GRS) set was in-
troduced in (Byrnes, 1994) to prove the H.S. Shapiro global uncertainty principle of conjec-
ture. Each function in the GRS is called the Golay-Rudin-Shapiro binary sequence. They are
piecewise +1can change sign only at points of the following form j/2", j=0,12,...,2" -1,
n=12,... These basis functions satisfy almost all standard properties of the Walsh functions.
Discrete classical Fourier-Golay-Rudin-Shapiro Transforms (FGRST) in bases of different
Golay-Rudin-Shapiro sequences can be used in many signal processing applications: multi-
resolution by discrete orthogonal wavelet decomposition, digital audition, digital video broad-
casting, communication systems (Orthogonal Frequency DivisionMultiplexing - OFDM, Mul-
ti-Code-Division Multiple Access - MCDA), radar, and cryptographic systems.

Binary *+1-valued GRS sequences (2-GRS) associated with the cyclic group Z, were
introduced by Shapiro, Golay and Shapiro in 1949-1951 (Golay, 1949, 1961, 1977; Shapiro,
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1951,1958; Rudin, 1959). Golay (1961) gave an explicit construction for binary Golay com-
plementary pairs of length 2™ and later noted (Golay, 1977) that the construction implies the
existence of at least 2"m!/2 binary Golay sequences of this length. They are known to exist
for all lengths N =1“10726" , where «, 3,y are integers and «, 3,7 >0 (Turyn, 1974), but do
not exist for any length N having a prime factor congruent to the modulo 4 (Eliahou et al.,
1990). Budisin (1990) using the earlier work of Sivaswamy (1978) gave a more general recur-
sive construction for Golay complementary pairs and showed that the set of all binary Golay
complementary pairs of length 2™ obtainable from it concides with those given explicitly by
Golay. For a survey of results on nonbinary Golay complementary pairs, see (Fan, Darnel,
1996). Recently, Davis and Jedwab (1999) gave an explicit description of a large class of Go-
lay complementary sequences in terms of certain cosets of the first order Reed-Muller codes.
The following actors are used for building the classical GRST in bases of classical Golay-

Rudin-Shapiro sequences: 1) the Abelian group Z;, 2) 2-point Fourier transform F,, and

3) the complex field C; i.e., these transforms are associated with the triple (ZQ,]—"Z,C) .

In this work, we develop a new unified approach to the so-called generalized complex-
GF(p) - and Clifford-valued complementary sequences. The approach is based on a new iter-
ation generating construction. This construction has a rich algebraical structure. This con-
struction is associated not with the triple (Z;,]—;,C) but rather with other groups instead of

Z,, other unitary transforms instead of F,, and other algebras (Clifford algebras), finite
rings (Z,,) and finite Galois fields (GF(q)) instead of the complex field C.

New iteration construction for original Golay sequences

We begin by describing the original Golay 2-complementary +1-valued sequences.

Definition 1. Let com’(t):=(c,,C,,...Cy,) and com'(t)=(S,,S,,...Sy4), Where

c,s €{*1}. The sequences com’(t), com'(t) are called the 2-complementary ((+1) -valued)

or Goley complementary pair over {+1}, if COR°(r)+COR(r) =Nd&(z), or
(‘COMO(Z)‘2+‘COM1(Z)‘2) =N, where COR°(z),CORY(z) are the periodic correlation
|z2=1

functions of com’(t), com'(t) and COM°(z)=2Z com’(t) , COM'(z)=Z com'(t) are
their Z —transforms. Any sequence, which is a member of a Golay complementary pair, is
called the Golay sequence.

We use two symbols « and t for numeration of Golay sequences and discrete time,
respectively. For integer « and t we shall wuse binary representations
a=ay=(a,..a,), t=t,=(t.t,...t,), where ¢t €{0,1}, i=12,...,n. Obviously,

o, = () €Z,, t,=(t)eZ,,
o, = (o, ,) = (0, 0,)€Z,, t,=(t.t)=(t.t,) e Z,,
o= (04,0, 0,) =(0,05) € Z, t,=(t.bt)=(t,t) e Z,,

o, = (0, = (01,0, ) €2, b =(Lhnt ) =(t 0t ) €2,
Let com, o (t..,), com ,(t,,) bea setof 2" pairs of complementary sequences of length

Oy

2" . Then the following matrix of depth n+1 has size 2"* x2"*
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Com(o,o,...,o,o) (tn+1 )1 | COMy, ) (tn+l ) |

_ 0,0,...,11
G 2n+1 - ( )

....... a,=0

2 com a,,0 (tn+1)
fomeetr

com (a,.1) (tn+1)

com, o (tn+1):|

Com(an 1) (tn+1)

G. - com, (t)
2 com (t,)

_Com(o,o,l) (t)

Com(1,1,...,1,0)(tn+l) com, (tn+1)

_Com(1,1,...,1,1)(tn+1)J com, (tn+l)

is called the Golay matrix, where

_Com(az,l) (t3)_

=‘com(o,o,o><t>} {comm,lm(t)} {coma,o,m(t)} {comm(t)}

)

are a pair of complementary sequences and Bﬂ is the symbol of the vertical concatenation of
(2x2"*) - matrices (2). For example,

com, o (t,) com g 4 (t,)

5, - comy, 5 (&) | _| comye (t,) | _ & {com(%o)(tz)}=
Com(ul,O)(tz) Com(l,o)(tZ) 0,=0 Com(ul,o)(tz)
_com(ulvl)(tz)_ Com(l,l)(tz)

_ | comgg, (tzqﬁﬂ{comm (tz)}
| comy., (t,) com,(t,)
Com(a2 ,0) (ts) _Com(o,o,O) (ts)_
Com(uzl)(tS) COM 01y (t;) (3)
COM, 0 (ts) | | comg, 4 (t,)

G, = M, (6) || cOMyg, (E5) :@{Comwzm(tfﬂ)}:
com, o (ts) | | COMyeq(ty) | &5| comy, 5 (t;)
com,, ,(t;) | | COMaoy (Ls)

Com(ZO)(ts) COMyy 3 ) (t5)
| COMyqy) (ts)_

com g1y ® comy, o4y (t)

com,q 44 (t)
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The initial matrix G, is formed by starting with the Fourier-Walsh (2><2)—matrix

G. - coMygy(t,) | _ {1 1} @
2 Jecomy ()| |1 -1
and by repeated application of the iteration construction to pairs of rows in the matrix. In (n +

C rn(mn,l,O) (tn ):l from

0
1)th iteration this construction takes each pair [

com, o (t,
n-1
c —zﬂ%l comy, o (t,) -
VAN
0| COMeq, 1y (L)
and constructs four rows of the twice length
COm(mwo) (tn) Com(un,lyl) (tn) Com(uH,O,O) (tn+1)
comy, , o (ty) IR com, . o(t,) —comg, ., (t,) _| ©OMe,, 00 (1) ©)
comg, , 5 (t,) com, ,(t,)) com, o (t) | [comy .o (t,.)
__Com(u",l,l) (t,) come, . 0 (t, )_ L COMe, 1) (th1) |

for obtaining two pairs of complementary sequences of twice length:

Com 1,0,0) (tn+l) ( Com(an, ,0) (tn)l

Com(uH,l) (tn) )v

comy, op (ty) =( cOM, o (L), —com, . (t,) )
com (a,4.1,0) n+1) ( COrn(mn,l,l) (tn )’ Cor‘n(otn,l,O) (tn) ) ’
com (o1.11) (tn+1) ( Com(an,l,l) (tn )’ Com(unfl,O) (tn) )

Obviously,

COM,, o4 (2) = Z{com(awoyo) (tM)} = Z{(com(mo) (t,), com, ,(t,) )} =
=Z {com(uwo) (tn)} +27.7 {com(anflyl) (tn)} =
=COM,, ,(2)+2" COM,, ,(2),
Z{(com(um,o) (t,), —com, ,(t,) )} =
= Z{com(mo) (tn)} -2z {com(anflvl) (tn)} =
=COM,, ,(2)-2" COM,, ,(2),
COM,, 10(2)= Z{com(anfl,lyo) (tm)} = Z{(com(%‘l) (t,), com, (t,) )} =

Z{com, ,(t,)}+2"-Z{com, (t,)}=

COM(aH,o,l) (Z) = Z{Com(an,l,o,l) (tn+1)} =

()

=COM,, ,,(2)+2" COM,, (),
Z{(—com(awl) (t,), com, (t,) )}:

Z{—com(aHyl) (tn)} +z7. Z{com(mo) (tn)} =

COM(aH,l,l) (Z) = Z{Com(un,l,l,l) (tn+1)} =

=-COM,, ,,(2)+2" COM,, ,(2).
They are complementary orthogonal sequences. Indeed, for the first pair we have
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2 2
(|COM(GHYOVO)(2)| +|COM, 0 @) ):
= [coM,, o (2)+2* COM(MD(z)}[com(.,n,l,o,(z)+72“ _COM(un,l,l)(z)}r
+[coMm,, 4 (2)-2" com, (z)][COM(aH,O) (2)-7% COM. .2 (z)] _
2 2n+1 2
:2(\C0M<an&,o)(z)\ +[2"|com,, ., @) )
For |z| =1 we obtain

(\coM(uH,o,O) @[ +|cOM,_o (z)\z) - 2(\C0|v| w0 @[ +cOM,,_, @) ) 2N,

Analogously situation is true for the second pair:

(\COM(WO) @) +|com,, (z)\z) _ 2(\(30'\"(%1,1) @) +[com,, _, (z)\z) _2N.

Hence,

oM, 0.0y (tn+l)
G = ZEnEl come, o (tn+1) _ 21 COM, 0y (tn+1) _
2H+ - - -, -
Com(un 1) (tn+1) a, ;=0 Com(un,l,l,o) (tn+1)

comy, 1 (tn+l)

a,=0

(8)
com, q(t,) com, ,(t,)
21 comg, o (t,) —com, ()
oo com,, (t)  com, o (t,) |
—com, ,(t,) com, o (t,)
For example,
G =[com(o)(tl)}{l 1}
2 |eomy(t) | |1 -1)
| comg (t,) 1 1 1 -
6 | OMey®)| | 11 1 1
2| comy g (t,) 1 -1 1 ’
| com, (t,) -1 1
comge(t)| [1 1 1 -1 1 1 -1 1] )
COM g0 (L) 1 1 1 -1-1 -1 1 -1
COM g0 (L) 1 1-1 1 1 1 1 -1
G| OMowy(®)| |-1 -1 1 -1 1 1 1-1
2] com g (t;) 1 -1 1 1 -1 1 1 1f
comy .y (t,) 1 -1 1 1 1 -1 -1 -1
comy,q()| (-1 1 1 1 1 -1
comgp(t)| [ 1 -1 -1 -1 1 -1 |
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Obviously,

m(an,i,O) (tn) Com(an,l,l) (tn)_

m(un,l,O) (tn ) _Com(un,1 1) (tn )
Om(mn,1 1 (tn) Com(an,l ,0) (tn)
| —com, o (t,) comg, ) (t, )_

= Com(“nflvo)(tn) Com(unlvl)(tn)]BH com 1)(t) Com 0)(t )]

m(un,l,o)(tn) —com(unflvl)(tn) —com l)(t) Com(aH,O)(tn)

([ 1feom, o (t) o] - comy, o) ]|
- 11 -1 . com(unilyl)(t) 1 —1 com, »(t,) . -

1 1] com, (t,) : ]

1 -1 : com, ()

1 1 _com(uwo)(tn) : 1
EH[L —1] . com(an_lyl)(tn)]l ]

com t . t .
— l:2 (@,1,0) ( n) TZO % FZ ((ln,l,o) ( I’]) T21 ,
. com, (t.) I . com, (t.)

where {TZ“ }l are operators of dyadic shifts. Using this construction for all complementary

pairs in (8), we obtain

com, . 0.0 (t,.)

21l com,, (t.,)| 2522 com (t...)
(@,,0) \"n+1 (01,01 \"n+1
Gz"*l - HH{ } - Hﬂ l =
an

=0 Com(un 1) (tn+1) a, =0 Com(un,l,l,o) (tn+l)

L Com(an,l 11) (tn+1) i

1 T, (10)
g . com, . (t,)

[ t 44444444 _

a,1=0

— @ F Com(anﬂvo) (tn) ' T a,
el : comy, 5 ()|

So, repetition of this construction n + 1 yields the Golay matrix G,,., .

The first generalization of Golay-Rudin-Shapiro sequences

Our the first generalization uses in (8) the following new iteration construction
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2"-1

Gz“+1 - Hﬂ

a,=0

com, o (tn+l
com, 4 (tn+1

2

com, g (t.)

com, o(t,) -¢

COM, 00 (tn+l)
CoM, . on) (tn+1)
com, 10 (tn+1)

| COMq, 1) () ]

2"

i

0,1=0

)
)

|

En” ("’Ol’n(otn,1 1) (tn)

com,, (t,)

n+l

B

(11)

En” Com(un,l,l) (tn)

a,4=0

—Eha” Com(un,l,l) (tn)

where ¢, =e'+, for arbitrary ¢, . Now

com, o) (t.)

com, o(t,) —¢

n+l

Enu -com(aH’

-com(m

com, ) (t,)

com, o (t, )_

1) (tn)_
1) (tn)

8n+1 ’ Com(an,l,l) (tn)
gn+1 ’ Com(an,l,l) (tn)

Com(an,l,O) (tn)

Com(an,l,o) (tn) —Eha”

com, o) (t,)

com, g (t,)

gn+l : COm(mn,l,l) (tn)
com, (t.)

i

&

=&

[ 1} com;, o (t,) - as
_1 -1 . €n+1 : COm(an,l,l) (tn)
—_ _1 gn+l_ Com(aH’O) (tn)
_1 _€n+1 * Com(an—l 1) (tn)
EH {1 gml} oM, (t,)
1 ~Eha L Com(“n—l'l) (t”)
F,(&.0) com,, o(t;) '
= & : :
2\%n+1 Com(aH’l) (tn)
1 ¢

n+1

where F,(s,.,) = [

o

i

]

TZO @ I:2(‘€.n+1) ’

n+l

n+l

Com(un,l,l) (tn) COm(uH,O) (tn )

com, (t.) com, g (t.)

:

H

}

1 . Com(aﬂ,m(tn) _
_1 gn+1'C0m(an,1,1)(tn) ’ )

comg, 0 (t,) Tzl |

comg, o (t.)

They are complementary orthogonal sequences. Indeed, for the first pair we have
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(‘COM(an_l,O,O) (Z)‘2 +‘COM(“H,0,1) (Z)‘z) _

n+l

= [com(anﬂyo)(z)uz" gmcom(an1,1)(z)}[com(un_l,0)(z)+72"5 convl(un_l,l)(z)}

n+l

+[COM,, (@) -7 £,.COM,, (z)][com(anl,m(z) _5.77 com(anl,n(z)} _

_ 2(‘COM(anl,o>(z)r +enaf 2 [coM,, @) )
For |z]=1and |g,,,|" =1
(\COM((,“,O,O) @) +|coM,, oy (z)\z) - 2(\COM w0 @[ +|cOM,,_ (z)r) 2N,

Analogously situation is true for the second pair.

Using construction (10) for all complementary pairs in (8) we obtain new multipara-
metric Golay matrix:

GznA (81,82,...,5n,8n+1) = %

1 {com(umo) (t, &6 & gnﬂ)}

Com(mn 1) (tn+1 | 81’ ‘92 U gn ! gn+l)

=0
: (11)
"1 : .
[ I O i T [PPSR TPPR %y
_Q_ﬂo Fo(8na) . .comg, o (t, & &0 8y) T2
For example,
, - {com(o) (tl)} _ {1 81]
comy, (t) | |1 —&
com g, (t,) 1 &l & -&&
G, = comy, (t,) _ 1 & | 76 &4 ’
comq ) (t,) & &% ‘ 1 &
| oMy (t,) & 64 1 &
COM 0.0y (ty) I 1 & & —&,8 &3 &8 —E&E,  &36,8
COM 454 (ty) 1 & & —&,8 —&; T8 638, TE&68
COMyg40) (ty) &3 &8 TEE,  £36,8 1 & & —&8
G, = comy, ;) (ts) e & TEE & &858 1 & &  TE&E .
COMy 5.0 (ty) & —&,6, 1 & TEE &858 &3 &8
COMyy 54y (ty) & —&,8; 1 & && —EEE —&; —&38)
COMy 1) (ty) =&,  &£36& &3 &38 & —&8 1 &
oMy ()| | &6 —&5s & &8 & &4 1 &

The resulting matrix still has the orthogonal rows and every pair is 2-complementary in the
Golay-Rudin-Shapiro sense.
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If & =e"¢,=€",.¢, =" cC are complex numbers, then G, is the complex-
valued (C-valued) Fourier-Golay-Rudin-Shapiro transform (FGRST), if
&y Egreens Eny €GF(P), tnen G, is the number theoretical Galois-Golay-Rudin-Shapiro

transform (GGRST), if &, &,,..., &,,, €Clif , where Clif is the Clifford algebra, then G,,, is
the Clifford-Golay-Rudin-Shapiro transform, if &, &,,..., &,,, € Ham, where Ham is the

quaternion Hamilnon algebra, then G,,., is the Yfmilton-Golay-Rudin-Shapiro transform and
SO on.

The second generalization of Golay-Rudin-Shapiro sequences

In this section, we introduce the second generalized Golay-Rudin-Shapiro sequences. It is
based on the following iteration construction (instead of original (8))

Com(an,l,O,O) (tn+1)

21icom, ,(t )| 22| com (t...)
(@,,0) N+l (004,02) \ 041
Gz"*1 = EHl: ]= Hﬂ — =

a,=0 Com(an,l) (tn+1) o, =0 Com(anfl,l,O) (tn+l)

Com(aH 11) (tn+l)
r 1 12
J2c,,-com, o (t)  ~2s,,-com, (t,) (12)

zial\f2s -com, o (t,) —v2c,,-com, ,(t,)
wmio| /2, -comy, (L) ~2c,,-com, o (t,)
i \/ECM -com, ) (t,) \/fsml -com, o (t, )_

where c,,, =c0s(¢,.,), S,.. =sin(g,,,) for arbitrary ¢,,,. Now

S

4

C
d
S +1
- [JECS

1
com t, . com,, ,(t, .
;Hl (uH,O)( ) TZO % \/ECSZHH (n—lvo)( ) Tzl ,
. com;, (t,) . com;, 4 (t,)
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¢ S oS ¢, sing,
Where CS;+1 — |: n+l n+l:| — CS;+1(¢n+l) — |: ) n+1 n+1:| .
~Coua sing,,, —Cosg,.,

n+1

Using this construction for all complementary pairs in (8), we obtain new multiparametric
Golay matrix:

COM¢,, 0.0y (tos)
21 {Com a,,0) (tn+1 | (¢11¢21 1¢n))] 21 com a,4,0,1 (tn+1)

(#,4.0.1)
G (01,0, 00 011) = — = =
? HH com, 4 (tn+1|((/’1’(/’21 2 9)) EEO Com(an_l,l,O)(tnA)

L Com(un,l,l,l) (tn+1) |
21 com t (2, 0,,9,)) .
e (a,4,0)\"n 11772 n// i "
=0 ' Féna 'Com(mn 11)( |(¢’1'(P21 ’(on))

They are complementary orthogonal sequences. Indeed, for the first pair we have
2 2
(|COM(%4,0,0) (Z)| +|COM(un,1,o,1)(Z)| ):
Z[CMCOM 0(2)+2° s, ,COM, (z)} [CMCOM (@.0(2)+7%'s,,,COM, .1 (z)] +

+[[5,,COM,,__o(2)-2* cMCOM(Mn(z)}[  .COM.0)(2)~7 CnﬂCOM(an,l,l)(z)J:

()

For |z]=1and (cZ,+s.,)=1

2n+1

COM(unlo)(z)| +|z

(62, +52a)lcOMy, Ly )
(‘COM(an_l,o,O) @[ +|cOM,,__0 (z)\z) - 2(\COM 0@ +lcoM,,_, @[ ) _2N

Analogously situation is true for the second pair.
Let us consider examples,

Gzl — _Com(O) (t1 |¢1):| _ (\/5)1 |:Cl Sl}l

_Com(l t o) S G
[ com 0.0) t, o, 0,) GG GS | S5 =S50
G. = Com(o,l)(tz lo,0,) :(\/E)Z S;6 55 | G5 GG
2 E]
2 com, o t, o, 0,) 58 =SG | GG GS
Com(ll) t, o, 0,) =5 GG | SC 55

M ;.00 (t, |¢1v¢2:¢3ﬂ
COMg01) (1o, 0,,0,)
0M 1.0y o, 0, 0,)
COM 445 (10, 0,,0,) _
0M10.0) o0, 0,)
COM o5 (1o, 0,,0,)
0M 110 o, 0, 0,)
| COMy 4y (t; | 9. 9,, (03”
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G50, C3CyS CsS;8 —C38,G S35,Cy 535,81 54055, S3C,C
S3C,Cy 5368 S3558 753550 L —CiS,0 —C3SyS, CiCyS, G360
S350 $35,5 TS558, S0pS, 0 GGG CGoS, G55 —C5SyG

\/E 2| =C35,6 =G5S, CiCyS;  —C36.G S5C,C, S3C,5; 535,58 —535,G
_( ) ‘C33281 —C35,G C,C,C CoCySy | —S565 S5C,Cy S35,0; S35, .
53,5, 555,06 S3C,Cy 5365 CCySy GGG —C3S,0 —CiS,5)
;330231 S3C,C, S35,0y 535,85 CsS,8 38,0 CoC,C 30,5
L CCS GGG —CS,0p  —C3S,8, 535,8,  —545,G $3C,C 830231_

The resulting matrix still has the orthogonal rows and every pair is 2-complementary
in the Golay-Rudin-Shapiro sense.

Conclusions

In this paper, we have shown a new unified approach to the so-called generalized complex-
GF(p) - and Clifford-valued complementary sequences. The approach is based on a new iter-

ation generating construction. This construction has a rich algebraic structure. This construc-
tion is associated not with the triple (ZQ,]—;,C) but rather with other groups instead of Z3,

other unitary transforms instead of F,, and other algebras (Clifford algebras), finite rings (
Z ) and finite Galois fields (GF(q)) instead of the complex field
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